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GLOBAL DYNAMICS BELOW EXCITED SOLITONS 
FOR THE NONLINEAR SCHRODINGER EQUATION 
WITH A POTENTIAL 

KENJI NAKANISHI 


Abstract. Consider the nonlinear Schrodinger equation (NLS) with a potential 
with a single negative eigenvalue. It has solitons with negative small energy, which 
are asymptotically stable, and, if the nonlinearity is focusing, then also solitons 
with positive large energy, which are unstable. In this paper we classify the global 
dynamics below the second lowest energy of solitons under small mass and radial 
symmetry constraints. 
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1. Introduction 


1.1. Background and motivation. Nonlinear dispersive equations have solutions 
with various types of behavior in time, typically scattering (globally dispersive), 
blow-up, and solitary waves, i.e., solitons. In the recent years, especially since the 
work of Kenig and Merle [13], global dynamics leading to those different types 
have been revealed among large general solutions, so that one can partially predict 
evolution of each solution from the initial data. Kenig and Merle [13] studied the 
energy-critical NLS 

iu — Au = \u\%, u{t,x) : C, (1.1) 


and proved that all solutions with energy less than the ground state W 


E(u) = 


|V!l| = 


\U\ 


-dx < E{W), 


-..2 6 
W{x) := (1 + |x|V3)-^/^ -AIK = 1K^ 


( 1 . 2 ) 


either scatter or blow-up, and that the two types of behavior are distinguished by 
some explicit functionals of the initial data. For example. 


A'(«(0)) 


|Vti(0)p - |ti(0)|®(ii 


> 0 scattering, 

< 0 blow-up. 


(1.3) 


The distinction is essentially the same as that in the classical result for the nonlinear 
Klein-Gordon equation by Payne and Sattinger 121] into global existence vs. blow¬ 
up, but the crucial aspect of Kenig-Merle’s work is to reveal and exploit the global 
dispersion in the scattering part. It was extended to the threshold energy E{u) < 
E{W) by Duyckaerts and Merle [6], and then slightly above the ground state by 
Schlag and the author [18], for the nonlinear Klein-Gordon equation 


il — Au u = It 
E(u) = , 


u{t, x) : —)■ 


u\^+ \Vu\^+\u\ 


\u\ 


- '-^dx < E{Q) + e^, 


(1.4) 


where Q G if^(M^) is the unique positive radial solution or the ground state of 


—AQ Q — . 


(1.5) 


The types of behavior in that case are separated into 9 sets of solutions by center- 
stable and center-unstable manifolds of the ground state, and the mechanism of 
transition between scattering and blow-up is revealed. Furthermore, Duyckaerts, 
Kenig and Merle [S] established a complete classihcation of asymptotic behavior of 
solutions, for the energy-critical wave equation 

u — Au = , M(t, x) : —)■ M, (1.6) 

in terms of resolution into solitons (i.e. rescaled IF), without any size restriction on 
the initial data. All of these works have been extended to several equations and 
settings including the above examples, except the soliton resolution which is yet 
limited to variants of energy-critical wave equations. 

General dynamics are, however, far more complicated for more general or physical 
equations. In particular, many equations, especially of the NLS type, have many 
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solitons, differing in shape, energy, stability, etc. Heuristically, unstable solitons 
are expected to collapse into stable solitons, radiating dispersive waves. For small 
solitons of the NLS with a decaying potential V(x), Tsai and Yau |2lH27] hrst proved 
such a phenomenon, as well as asymptotic stability of the ground soliton, in the case 
—A + V has two well-positioned negative eigenvalues. Since then, there have been 
intensive studies (cf. [3l[9l[T3[22l[23]) on global behavior of small solutions including 
many solitons, but very little is rigorously known about dynamical relation between 
solitons which are neither close nor similar to each other. It seems hard in such cases 
to construct or control solutions in a precise way along some anticipated evolution. 
A more natural strategy is to deal altogether with general solutions including or at 
least close to those solitons, with less precise information on individual trajectories. 

1.2. Setting and the main result. As a hrst step toward the above problem, we 
consider the NLS with a potential 

iii + Hu = slul'^u, H := —A + V, 5 = ±, 

( 1 - 7 ) 

u{t, x) : ^ C, V{x) : ^ M, 

in the simplest non-trivial setting, namely the case with the unique eigenvalue 

H(j)o = 6000 , Co < 0, 0 < 00 G Lr^(R^), |10 o||l2(k3) = 1, (1.8) 

with spec{H\^±) = [0, cxo) absolutely continuous, and the radial symmetry restriction 

u{t,x) = u{t,\x\), V{x) = V{\x\). (1.9) 

Hence the initial data set is the radial subspace of the Sobolev space 

:= {u G L2(r 3) I Vu G ^^(R^), u{x) = M(|a:|)}. (1.10) 

The nonlinearity can be either defocusing s = — or focusing 5 = -|-. In the focusing 
case s = -t-, the above equation is one of the simplest equations with both stable and 
unstable solitons, where the former is small and the latter is large. The goal of this 
study is a complete description of global dynamics in a fairly large solution space, 
containing both the stable and the unstable solitons. In this paper, we consider the 
region of small mass and an upper energy constraint which eliminates the unstable 
solitons. An implication of the main result is that if an unstable (large) soliton with 
small mass and the second largest energy is perturbed to decrease its energy and 
the mass, then it either blows up or collapses into a (small) ground state soliton, 
radiating most of the energy (which is large) into a dispersive wave. The two types of 
behavior is distinguished by a functional of the initial data, similarly to Kenig-Merle 
or Payne-Sattinger. 

In order to state the main result, we need a few more assumptions on V. A simple 
sufficient condition is that V is in the Schwartz class and H has no resonance: 

(-A + I/)v? = 0 ^ V7 = 0. (1.11) 

The existence of small solitons is well known in the above setting. The function 
u{t,x) = e~^^ip{x) is a solution of fll.7p iff 


{H + u)ip = 


(1.12) 
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In this paper we call a solution of fll.l2p a soliton, denoting the set of solitons by 

:= {up G I F M s.t. fO^ } (1.13) 

and the energy (Hamiltonian) and the mass (charge) by 


E(m) := 


+ s|m| 


-dx, M(m) : = 


\u\ 


-dx, 


(1.14) 


... 2 4 

which are continuous on and conserved for (II.Th . For each hxed mass M((y9) = 

/i > 0, we can dehne the energy levels of solitons by induction on j = 0,1, 2 ,..., 

:= inf{E(93) \ (p ^ y, M((y9) = /r, E((y9) > (1-15) 

where S‘-i{p) ■= —oo and inf 0 := oo, then classify the solitons 

e^;- :={(pey \ E((^) = ffj(M(v7))}. (1.16) 

y is the set of least energy solitons, namely the ground states, while is the j-th 
excited state for j > 1. In this paper, we are concerned only with and y^. 

It is easy to observe that the ground states for small mass are bifurcation from 
0 generated by the linear ground state 0o in (H-Sp . More precisely, there exists 
0 < <C 1 and a map 


($, H) : A e C I < 2zb} ^ x 

such that {(p,oj) = (<I)[z], r2[z]) solves fll.l2p for each z E Db and 


^z] = z(j)o + 'y, 7-L 00, 


Hi 


< 


(1.17) 


(1.18) 


See [TU] for a proof in a more general setting. We can prove that ^{Db) = y^ under 
the small mass constraint M < while the first excited energy satisfies 


(fi(/r) — 


fE0(g)M(Q)/i-i(l + o(l)) (s = +) 
[ oo 


s = 


as /i ^ 0, where E° denotes the energy without the potential, namely 


E°(^) : = 


|Vh| 


— s— —dx. 


(1.19) 


( 1 . 20 ) 


... 2 4 

In fact, in the defocusing case s = —, the soliton fll.l2p is unique for each fixed 
M((p) = /i > 0 modulo the gauge symmetry e*®. In the focusing case 5 = +, the first 
excited states are generated by scaling of Q 


y\3 = a;^/^(g + o(l))(a;^^^x) (M(93) —)■ 0) 


( 1 . 21 ) 


We do not need the above characterizations of y\, but the variational property with 
respect to the virial-type functional 

K 2 {u) := f |Vm|^-^- s ^ J dx = da=iR{a^^‘^u{ax)) (1-22) 

Jr3 2 4 

plays a crucial role as in the case V = 0. Henceforth da=a denotes the partial 
derivative with respect to a at a = a, namely 

f\a=a+e f\a=a 


da=af := lim 
£—^0 


(1.23) 
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The following is the main result of this paper. 


Theorem 1.1. There exists 0 < /i* 1 such that for any m(0) G satisfying 

M(m( 0)) < /r* and E(m( 0)) < (fi(M(M(0))), the corresponding solution of fll.Tp either 
blows up in finite time both in t > 0 and in t < 0, or scatters as t ^ ±oo to the 
ground states More precisely, in the former case, there are T± G (0, cx)) such 
that the unigue solution u G C{{—T_,T+);H^) exists and 


lim ||Vn(f)||L2(R3) = cxD = limsup \\uyb)\\L<^ 

t^±iT±-0) i_j.±(T'±-0) 


(1.24) 


In the latter case, there are a function z : M ^ Df, G C and u± G such 

that |z(t)| converges as t ^ ±cx) and 

\u{t) - <h[z(f)] 


lim 

t^zLoo 




= 0 . 


Moreover, the blow up occurs if and only if 

s =+, ||Vn(0)||L2(R3) > 1, and ]K 2 (n( 0 )) < 0, 

which persists in t as long as the solution u exists. 


(1.26) 


(1.26) 


The above theorem contains the asymptotic stability of the ground state for 
small radial solutions. This part is contained in the asymptotic stability for 
small solutions in Hi by Gustafson, Tsai and the author, which does not need the 
radial symmetry restriction. 

If the potential V = 0, then there is no small soliton such as but the ground 
state Q as in fll.ip exists and unstable. In that case, the above result regarding 
<^0 = {0} and = {aQ{ax)}a>o was obtained by Holmer and Roudenko [TT] . 
extended to the non-radial case by Duyckaerts, Holmer and Roudenko [1], to the 
threshold energy by Duyckaerts and Roudenko [7] , and slightly above the threshold 
(in the radial case) by Schlag and the author [12] . In these works there is no small- 
mass constraint as above, but it is not an essential difference, because the scale 
invariance in the case V = 0 allows one freely to add or remove such a restriction. 

1.3. Difficulties and ideas in the proof. The proof follows the strategy of Kenig 
and Merle |T3|, which consists of a stationary part based on the classical variational 
argument for the elliptic equation fll.l2|) . and a dynamical (or scattering) part based 
on the variational argument in space-time: the profile decomposition by Bahouri and 
Gerard [I]. 

The problem caused by the potential in the stationary variational argument can 
be read immediately from the virial identity 


d. 


iu\x 


Vm) = —2IK2 


.u 


(1.27) 


In the absence of V, the functional K 2 can not vanish under the energy constraint 
except at 0, and so sign-definite along each trajectory. This leads to monotonicity 
in the virial identity, which has been the crucial starting point for R = 0, including 
the case slightly above the ground state [18], where possible change of signK 2 was 
controlled by using the linearized operator around Q. 

In the presence of V, the functional IK 2 changes the sign around the ground solitons 
Note that this problem does not arise in the elliptic equation fll.l2p using the 
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Nehari functional 



Jr3 


ul'^dx, (1-28) 


because the excited states can be distinguished from the ground states by 
the time frequency uj. Indeed, a; —)■ —cq on 5^^ while a; ^ oo on as M —)■ 0. 
In contrast, the virial functional K 2 is independent of ca, since it is derived by the 
L^-preserving dilation. 

The above problem in the virial identity is however easily solved using the fact 
that the disturbance of sign IK 2 occurs only in a small neighborhood of where 

we have the asymptotic stability of from |T0]. In fact, the region K 2 < M 1 
splits into two sets far from each other in one around 0 satisfying 


II V‘^IIl2(R3) + II‘^IIl4(R3) M((p) -C 1, 


(1.29) 


and the other with large energy satisfying 


||<^||t.(,»)) > M(i^) ‘ > 1. 


(1.30) 


See Lemma [2.31 for a more general statement with a proof. In fll.26p . the condition 
||Vm||l 2 > 1 is imposed only to distinguish the above two cases, so there are many 
alternative conditions, such as ||m ||l4 > 1. 

The problems in the space-time variational argument, caused by the potential, 
or more precisely by the stable solitons appear more fundamental. First, we 
should obviously remove the stable soliton part from the solution to apply the profile 
decomposition, as it aims at global dispersion or space-time integrability of the 
solutions. Second, the linear terms of the dispersive part, namely the interaction 
with the small soliton, can not be treated as part of the nonlinear perturbation, 
since it would require smallness in Li of the remainder of the profile decomposition, 
which is impossible as long as we take the initial data from the Sobolev space. 

Therefore, we have to consider the linearized equation around the small soliton 
as the reference equation in the profile decomposition for the dispersive compo¬ 
nent. Since the modulation in time, namely z{t) in fll.25p . depends on the solution, 
it means that we have to consider a sequence of equations corresponding to the 
sequence of solutions to which we apply the concentration compactness. 

Another problem is that we have very poor control on the global or asymptotic 
behavior of z{t). For example, the convergence of \z{t) | as f ^ 00 becomes arbitrarily 
slow by choosing small data, see [101 Theorem 1.9]. This causes difficulties at 
least in the following two places. 

First, the nonlinear prohle decomposition is a method to approximate solutions 
globally in time, but we can not do it for the soliton part z{t). Therefore we have to 
distinguish time into two regimes: around and away from the prohles, approximating 
^ only in the former, while relying on the smallness of the dispersive component in 
the latter. 

Second, the nonlinear profiles moving to f —?• icxo were defined in Kenig-Merle [13] 
by the wave operator, i.e., solving the final state problem with the linear profile as 
the scattering state. The existence of solution to the final state problem in the 
current setting, namely around the ground states was proved in [10], but we do 
not even know the uniqueness, while we would need some continuity estimate. Hence 
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we have to define the nonlinear profiles in another way, that is the weak limit along 
a time sequence, proving afterward that the linear profile is the scattering state. 
The drawback of this definition is that we can not construct global approximation 
at one stroke as in Kenig-Merle, but have to proceed step by step over each profile. 
The approach in this paper can be roughly regarded as a hybrid between Bahouri- 
Gerard [1] and Kenig-Merle [13]. The former used the scattering to describe the 
limit of sequence of solutions, while the latter used the limit of sequence to obtain 
the scattering. We need to proceed from both the sides. 

Yet another complication in the estimates is due to the quadratic nonlinearity in 
the equation after linearization, to which we can not directly apply the Strichartz 
estimate to obtain Lipschitz estimate in the energy space for global perturbation, 
together with the smallness of the remainder in the profile decomposition. To solve 
this problem, we follow the idea in (TB], using non-admissible Strichartz norms and 
measuring the initial data by the Strichartz norm. Such estimates are derived for the 
linearized equation, treating the time dependent potential by the double endpoint 
Strichartz estimate as in [10], but it requires the non-admissible version, obtained 
independently by Foschi [8] and by Vilela [28] . 

Extension of the result in this paper to the lower space dimensions would require 
similar modification to the argument by Mizumachi [TTlfTB]. who extended the small 
data result of HD] by replacing the endpoint Strichartz estimate with Kato’s weighted 
space-time estimate. Apart from that issue, it should be rather straightforward 
to extend it to general space dimensions and general power nonlinearity between the 
mass and the energy critical exponents, namely 

iii + Hu = slul^^u, u{t, x) :^ C, ^ ^^ ^— 2 ’ 

even though the 3D-cubic setting is exploited for minor simplification in several 
places of this paper. 

1.4. Notation. Lg, 5*^, and if® denote respectively the standard Lebesgue, inho¬ 

mogeneous Besov, and inhomogeneous Sobolev spaces on The H based Sobolev 
space is denoted by The norm is often denoted by || ■ ||p. For any 

function space X on the subspace of radial functions is denoted by Xr, and the 
H space in t 6 M with values in X is denoted by L^X. For any function space Z on 

and / C M, Z{I) denotes the restriction onto I x The H inner products 
on are denoted by 

ifla) ■= f f{x)g{x)dx, {f\g) := Re{f\g). (1.32) 

1.5. Assumptions on V. Let = {(p G | lim ||(p||L°°(|a;|>R) = 0}. 

R—^oo 

The precise assumption on V is as follows. 

(i) K : —)■ M is radially symmetric. 

(ii) V, xVV, x^V^V e (L^ + T“)(R3) and V/\x\ G ^^(R^). 

(iii) —A -f K on L^(R^) has a unique and negative eigenvalue. 

(iv) The wave operator W = lim e**^e**^ and its adjoint W* are bounded on 

>00 

the Sobolev space fF^’P(R^) for some p > 6 and fc = 0,1. 
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The above assumption (ii) implies that 

lim |l/(a:)| 

|x|^oo 


{xW {x)\ =0 


(1.33) 


by the radial Sobolev inequalities, cf. Appendix El By Beceanu [21 Corollary 1.5], 
the assumption (iv) is fulhlled if 0 is neither an eigenvalue nor resonance of H, and 
1/ e (Lp n 

For example, if V’ ^ is a radial positive function, the above assumptions 

(i)-(iv) are satished hy V = —aip for a G ( 1 / 01 , 1 / 02 ), where Oi > 02 > 0 are 
the largest and the second largest eigenvalues of the compact self-adjoint operator 
(_A)-V2^(-A)-B2 on L2(M3). 

Acknowledgements 

This work was originally started from intensive discussions with Stephen Gustafson 
and Tai-Peng Tsai. The author would like to thank them for useful comments on 
the manuscript. He is also grateful for Scipio Cuccagna, Masaya Maeda, Yoshio 
Tsutsumi, and the anonymous referee for their comments and pointing out some 
errors and missing references in the hrst version. 

2. Standing waves 


This section collects some properties of the solutions of fll.l2p . namely solitons. 
It is easy to see a; > 0 for (p G using the asymptotic behavior of the ODE 

as r = |x| — )■ 00. We will see that in the defocusing case s = —, there is a unique 
soliton (f for each u G (0, — Cq) and nothing else. In the focusing case s = -|-, there is 
a soliton for each oj G (—Cq, C)o), among which we can specify the ground state and 
the hrst excited state for each hxed small mass under the radial constraint. 

2.1. Energy functionals. For any (p G and Y : —>■ M, we dehne the 

following functionals on 

[PJ (cp) := {Vcp\cp)/2, M(^) := [Ij (cp) = \Mll2, G(^) := 5||v.||^/4, 

e((p) := {H^\^)/2 = \\V^\\l/2 + [PJ (V9), E := H - G. 


( 2 . 1 ) 


The energy E and the mass M are conserved in time for fll.7p . The corresponding 
quantities without the potential P are denoted by EI^, E°, etc. 

H°(V^) := II V^II^/2, E°(^) := || Vv.||^/2 - 

^^2(7^) •= da=i^^{a^^'^<p{ax)). 

For the variational property in the focusing case, we need the dilation operator 

Sl^{x) := e^*/P(p(e*a:), 5'(p(x) = (x ■ V + 3/p)(p(x), (2.3) 

which preserves the norm. The same notation is used for the functional 


{S'F){^):=d,=oF{Sl^). 


(2.4) 


5(M = (6/p - 3)M, = (6/p - 1)H°, 


5;G = (12/p 


3)G, 5;rpj = -r‘5;/(,_2)Pj. 


(2.5) 


Then we have 
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The L^-scaling derivative plays a crucial role via the virial identity 

Ka := = 2 e° - 3G - . (2.6) 

The following functional is used for convexity of E in Sp. 

I ;= E — IK 2/2 = G/2 + \S'^i2V\l2. (2-7) 

If there is a family of solitons ca 1 —)■ differentiable in a; G M, then we have 

= (E'((p^)|(p(^) = {-uLp^\Lp'J) = -u}dJA{Lp^). (2.8) 

For the potential part, we will frequently use the following bound 

Lemma 2.1. Let V G (L^+ Lg°)(M^). Then for any e > 0, there is C > 0 such that 

H\R^) 3 V(p, I [GJ ((p)l < min(5|l(p||2 + C\Ml e|ly,||2 + C\Ml). (2.9) 

Proof. Let V = V 2 + V^o where Va G and I4o G For any h > 0, we have 

ir^ 2 j(‘^)| < ll^2||L2(y>/i)||(p||4 + /l||(p|| 2 , ( 2 - 10 ) 

where ||V 2 ||L 2 (v>h) —)• 0 as h —>■ oo, so the right hand side is in the form of (12.91) . 
choosing h > 0 such that || V 2 ||L 2 (y>h) < s or h < e. For any R> 0, 

ir^ooJ(95)| ^ \\Voc\\l^(\x\<R)\\t\\‘IR^^‘^ + I|Kx)||l°°(|x|>A)||9^||2) ( 2 - 11 ) 

where ||I 4 o||L°°(|a;|>H) —)■ 0 as i? —)• oo, so the right hand side is also in the form of 
(12.9p . choosing i? > 0 such that ||GooHoo-R^^^ < e or ||V'oo||l°°(|x|>a) < Adding the 
above two estimates yields the conclusion. □ 

2.2. Small solitons. For small mass, the ground state is the bifurcation from zero, 
generated by the ground state 0o of H. The following precise statement can be 
extracted from cm Lemma 2.1] 

Lemma 2.2. There exists 0 < z;, <C 1 and a map 

($, n):Db:={zeC \ < 2zb} x M, (2.12) 

such that {(p,u!) = (<F[^], 12 [ 2 ;]) is a soliton for each z G Db, with a decomposition 

^z] = zcfo + 7 ( 2 ;], = -Co + o{z), 7 ( 2 ;] T (fo, ||7[^]||ri = o(| 2 ;n, (2.13) 

satisfying the gauge covariance (<F[e*® 2 ;], 12 [e*® 2 ;]) = {e''^^[z\^VL[z\), and M(<F[ 2 ;]) = 
| 2 ;p /2 + o{\z\^) is an increasing function of \z\. Moreover, there is an open set in 
which contains but no other soliton. 

Let yUft > 0 be the maximal mass among those solitons: 

p.b ■= supM(<I)[T)fe]). (2.14) 

Then the monotonicity implies that 

[0, Zb) 3 z ^ M(<F[z]) G [0, fib) (2.15) 

is an increasing bijection. Let Zq : [O,/!^) -3 [ 0 , 2 ;;,) be the inverse function, so that 

M($[2;o(/r)]) =/x. (2.16) 
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The following lemma shows that the above solitons are the ground states for small 
mass. It will be crucial also for identifying the hrst excited state. 

Lemma 2.3 (Small mass dichotomy). For any ip G satisfying ^ 2 ( 99 ) -C 

and M((y9) 1, we have one of the following (i)-(iii) 

(i) H»<M(,3), 

(ii) M((^) < ]H[°(</9) ~ IE(99) ~ ]K2((^), 

(hi) s = + and G{ip) > H°((y9) > M((y9)-^ 

Moreover, in the case dm]), we have 

im(v^)l + \\Kvm\ + \\s's'v\{ip)\ « e°((^) ( 2 . 17 ) 


for any p,q > 0. In particular, G in dm]) can be replaced with 21. 

Note that the hrst two regions overlap each other, but the last one is separated. 
Thus the above lemma gives a dichotomy into (i)-(ii) and (iii). The case (ii) can be 
removed if 1 ^ 2 ( 99 ) <C M((y9), which is mostly satished when the above lemma is used. 

Proof. Let p := M((p) and h := ]HI°((p). Using Gagliardo-Nirenberg, we have 


|G(*>)| < 

\\wm\< 




( 2 . 18 ) 


lt2+i»(A + /AV''‘) (w = v',5;v,s;sy). 

Splitting into three cases: (1) h < /x, (2) /i h -C p~^, and (3) < h, we may 

hrst dispose of (l) = (i). In the case of (2), the above estimates imply 

|2h - ]K2((p)| = ^ h + < h, (2.19) 

and the same estimate works for |]HI°((p) — E((p)| = ||'Uj((p) — G((p)|, leading to (ii). 
In the case of (3), we have h > ^ 1. Then using 'K 2 {(p) -C < h and 

p + Ir'I^p^l'^ <C h in fl2.18p . we obtain fl2.17p and 


h<2h-IL2{ip)-\S'^V\{ip) = ‘iQ{ip), 

leading to (iii). 

The above lemma enables us to identify the solitons in Lemma 


( 2 . 20 ) 

□ 

with 


Proposition 2.4. There exists 0 < pd < Pb and 0 < Zd < Zb such that 
{if e yo\ M((p) < Pd} = {<I)[2:] I |2:| < Zd}, 

0 < p < Pd Sq{p) = E(<I)[2;o(/i)]) ~ eo/i < 0. 


( 2 . 21 ) 


Proof. Since K 2 = 0 on <5^, we can apply the above lemma to any ip ^ IP’ with 
M((p) < Pd ^ 1, leading to either (i) or (iii). Taking pd > 0 small ensures that 
the region (i) is in the uniqueness region of ^[Df,] in Lemma 12.21 as well as that 
the region (iii) is far away. Then every ip & 5^ with M((p) < pd is either in 
or in the region (iii). In the latter case, ip is an excited state, as <I> gives a soliton 
with the same mass and negative energy. Thus we obtain the hrst identity in (I2.2ip . 
The second one is its obvious consequence. The behavior of <#o follows from fl2.8p 
together with the differentiability of <I> from Lemma 12.21 □ 
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2.3. Focusing case s = +. Next we investigate the first excited state of small mass 
in the focusing case. The small mass dichotomy Lemma [2.31 allows us to ignore the 
potential effect, leading to the same variational characterization as F = 0 in the 
higher energy region. 

Proposition 2.5. Let s = +. There exists 0 < pe < /id such that for 0 < /i < /ie 
S’lifi) = inf{E((/?) I ip e H^, M((/?) = /i, ]K2(</?) = 0, > 1} 

= inf{I((p) I (f e H^, M((p) < /X, ]K2((p) < 0, > 1} (2.22) 

= /x-iM(g)EO(g)(l + o(l)) > 1 (/x^O), 

where inf is attained by some p E and <^i(/x) is decreasing in /x. Moreover, there 
is a continuous function n : (0,/Xe) x (0, cxd) (0,1/2) such that for any 5 > 0 and 
any p G H } satisfying M((y9) < /Xg, E((y9) < <^i(/x) — 6 and ||V</9||2 > 1, we have 

|K2 (v?)| > «:(M(v?),(5). (2.23) 

The above minimization is well known in the case V = 0 without the restriction 
on G. Some restriction to higher energy is needed in the case V 0, since those inf 
in fl2.22p would become ^o(/i) without G > 1. 

Proof. First, the > part of fl2.22p is obvious from IK2 = 0 on the dichotomy 
Lemma [2.31 and I = E — IK2/2. The second inhmum is obviously decreasing in /x. 

To show the < part of the second equality, let p E H}, M((p) < /x, ]K2((p) < 0 
and G((p) > 1. Consider the one-parameter scaling v{t) := S \ y^p for f < 0. The 
dichotomy implies G((p) > /x“^ 3> 1. Since iSg = — 9M/7 < 0, there exists T < 0 
such that M(n(T)) = /x. Moreover, since 

= 5L,K2 = )K2 + ®G+rs;/ 2V'J, (2,24) 

we have, using Lemma [2.11 

> T~\ > 5(K2(x;) + l)/7 (2.25) 

as long as ]K2(n) < M(n) < /x. The second inequality of fl2.25p implies that if 
^ 2 {v) > —1, ^ 2 {v) is decreasing as t decreases. Therefore ]K2(n) < 0 and (I2.25p are 
preserved for 0 > f > T, hence the inhmum is reduced to the case M((p) = /x. 

Next consider the one-parameter scaling v{t) := S^p for f < 0. Since 

5'I = 3G/2 - /2, 5'K2 = 2K2 - 25p, (2.26) 

a similar argument as above implies that I(n) is decreasing and ]K2(n) is increasing 
as t decreases, as long as K 2 {v) < 0, while G(x;) > 1 is preserved by the dichotomy. 
Thus the inhmum is further reduced to the case 1^2(97) = 0, which means the second 
equality in fl2.22p . 

To prove the existence of minimizer as well as the lower bound fl2.23l) on |]K2|, 
take any sequence pn E H} satisfying M{pn) —)■ /x G (0,/Xe), K 2 {pn) —t 0, G(</7„) -|- 
||V</7„||2 > 1 and E(<y9„) —)■ < -F*(/x), where is the inhmum in fl2.22p . Using 

Lemma [2.II with Gagliardo-Nirenberg, we have 

= 3E - K2 - < 3E - K2 + CM + /2. 


(2.27) 
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Hence ipn is bounded in and so, we may assume, passing to a subsequence, that 
—)■ 399 G weakly. Since IK2 = 211° — 3G — disposing of the potential 

part as above, we deduce that G((p„) > 1 and ||V(^n||2 ^ 1 are equivalent for large 
n, and then the dichotomy implies lHI°((p„) > /i h 

Since G and the potential functionals are weakly continuous on H^, we have 

I((p) = Goo, G((p) > 1, M((p) < /i, 1K2((^) < 0, (2.28) 

hence = G* and (p is a minimizer of fl2.22p . Moreover, the above argument 
implies that M((p) = fi and 1K2((^) = 0. Since the dichotomy implies G((p) > 

1, we have Lagrange multipliers ca, a G M such that 

E'((p) +a;M'((p) = aK2((^). (2.29) 

Differentiation along the curve iS2</9 at t = 0 yields 

0 = K2(</9) = iS 2E(99) = aiS2lK2(</9) = —2aS2l{‘^), (2.30) 

where iS2l((p) 7^ 0 by fl2.26p with the dichotomy, hence a = 0. This means that 
(p G <5^ and so (oi(/i) = as well as the lower bound fl2.23p on IIK2I. 

Finally, we prove the asymptotic formula. In the second inhmum in fl2.22p . put 
'ip{x) := and Vf^{x) := jj^Vi^iix). Then 

= min {G(V^)/2+ [(‘53/2^)J(i/>)} , 

peA, ^2.31) 

:= {ij G Hi I M(V^) < 1 , K°(V^) < r( 5 L^)/.J(V'), G(V^) > p}. 

Since || V)i||i2_,_^oo < /i^^^||G||i2_,_£,oo, we have for p > 0 

+ (2.32) 

Hence ii ip & Hi satishes M('0) < 1 and K2('^) < —1, then G for 0 < /i -C 1. 
Therefore as /i —)• 0, the minimizer ip is bounded in L^. Since G((p) > we 
obtain G{ip) ~ 1 and | [(‘5^1/)^] (-0)1 < 0(p^/^). On the other hand, for any ip G Hp 
satisfying M.{ip) < 1 ~ G{ip) and K2('0) = 0, we deduce from fl2.26p that for 
0 < /i 1 there exists t = 0(p^/^) such that S^ip G using the implicit function 
theorem around f = 0. Therefore 

lini/nfi(p) = mf{G{ip)/2 \ ip G Hp, M{ip) < 1, K^(i/^) < 0, ip ^ 0}. (2.33) 

To see that the above equals M((5)E°((5), we may hrst replace K2('0) < 0 with 
5^2(1/') = 0) since on the curve M 9 f t-A S^ip G Hp for any ip G G^\{0}, M is constant, 
G is increasing, and K2 changes its sign exactly once and from positive to negative. 
Next, since G^S^ip) = e^G{ip), M(iS3'0) = e“*M('^) and K2(iS3'^) = e*lK2('0), we may 
remove M('0) < 1 by replacing the minimized quantity G/2 with MG/2, which may 
further be replaced with (G/2 + M)^/4, because 

inf (G/2 + M){Slip) = inf [e'G(V’)/2 + e-'M(^)] = 2^/M(Jp)G(Jp). (2.34) 

Since G/2 = E° on K2 = 0, we thus obtain 

dOl = [inf{(E0 + M){iP) \ipeHP\ {0}, K0(V>) = 0}/2]2. (2.35) 
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It is well-known that the above infimum is attained by the gronnd state Q (see, 
e.g., [ISl Lemma 2.1]). Using that = 0 = cIq,=i(E°-|-M)(q;Q), it is elementary 

to see that the above eqnals M(Q)E°((5). □ 

2.4. Defocusing case s = —. In the defocnsing case, the variational strncture is 
mnch simpler, and so we can determine the entire set of solitons withont the 
mass constraint. In this snbsection, we prove the following 

Proposition 2.6. Let s = —. Under the assumptions on V in Section \1.5i the 
equation fll.l2p has a unique positive solution for each oj G (0, — Cq), and 


y = I 0 < a; < -cq, 9 G M}. (2.36) 

The function (0, —eo) 3 a; i—)■ M((y9t^) G (0, cxd) is , decreasing and hijective. Let 
ujq{p) he its inverse function. Then for all p > 0, 

CqP < S’oiu) = E(</9^o(m)) < 0 < cx) = S'lifi), u'oip) < 0. (2.37) 

Since H > cq, mnltiplying fll.l2p with ip 

0 = {{H + Oj)p\p) + ||(^||4 = ||V(p||2 + w|l(p||2 (Uv5|(p) + ||(p||4 (2.38) 

implies that u < —Cq is necessary for existence of a non-trivial solntion. 

If a; < 0, then putting := rp we have from fll.l2p 

fjrr= {V liminf {|i/>(r)||i/^^(r)|} = 0. (2.39) 

Rewriting the above into an integral equation from r = oo, we obtain 

/ OO 

(r - s)|(U + \p\'^)'4^\dr < ML^(r>s)\\r{V + |(^niUi(r>s), (2.40) 


where the last norm is vanishing as s —)■ cxd by the assumption V/\x\ G L^(M^) and 
p G L^(M^). Hence taking s ^ oo and then solving the ODE, we deduce that p = 0. 

Therefore 0 < a; < —cq for every non-trivial p G Moreover, using Lemma 
12.11 with £ = u/2, we deduce that p E is uniformly bounded in iL^(M^) on any 
interval of u away from 0, while —)■ 0 in as u ^ —cq — 0. 

For each u G (0, —eo), we have a solution p^^ of fll.l2p which is a global minimizer 

(E -|- a;M)((p^) = inf{(E -|- ci;M)((p) | p G H^} < 0. (2-41) 

The proof is easy and omitted. The positivity is also standard. The uniqueness of 
the solution p^^ for each cn, modulo the phase e*^, follows from a general argument: 

Lemma 2.7. Let H be a self-adjoint operator on with non-degenerate eigenvalue 
eo, and assume the rest of the spectrum of H is contained in [ei, cxd) for some ei > Cq. 
Let f : [0, oo) —)■ [0, oo) be a strictly monotone function such that f{a)a is non¬ 
decreasing. Then the nonlinear eigenvalue problem 

(H + f{\p\))p = up 

can have at most one non-trivial solution (up to the phase symmetry) for each u < 
Cl. The same conclusion holds foru = ei if f (a)a is strictly increasing. 

The above lemma may be known, but a proof is given below for the sake of 
completeness. 













14 


K. NAKANISHI 


Proof. Let f{z) := f{\z\) for 2; G C. Let ip and be two non-zero solntions, and let 
00 be an eigenfnnction of H for cq. We mnst have 7^ 0, or else 

(ei - u:)\\^p\\l < {^p\{H - u:)p>) = (2.42) 


which contradicts either ca < ei or a; = Ci with strictly increasing f{a)a. Tims we 
can find 0 G C \ {0} so that {(j)o\/3(p -|- 0) = 0. Using the invariance of the eqnation 
for ip I—)■ P'^ip, we may take 0 > 0 by appropriate complex rotation of ip. Then 


(ei - u)\\(](p + m < {(](p + - u){(](p + 'i/j)) 

= - (/(0)ll0H +20(</2|(i7-a;)0) (2.43) 

< 2/3 \\{p>\{H - uJ)^p)\ - Vif ip)\\P?)if 


First consider the case where / is non-decreasing. Then nsing Schwarz, 

\\{f{p)pW\ < x/WJMWKIi^WW)- 

So we arrive at 


(2.44) 


imM^) > ( 2 . 45 ) 

and hence {f{p>) —/('0)||(pp— l^p) < 0. Since / is non-decreasing, this implies 
that f{ip) = /{fj) (a.e.). 

Next consider the case where / is non-increasing. By Schwarz, we have 

Hence fl2.43p implies that 


and so, {f{p>f\p>\^ - /(0)2|0|2|l//((^) - l//(0)) < 0. Since l//(a) and /(a)a are 
both non-decreasing, we have /((p) = fipifj) or f{(p)\ip\ = /('0)|'0| (a.e.). If ei > cn, 
then 0 = —f3ip, otherwise the above mnst be a strict ineqnality, contradicting the 
monotonicity of f{ip) and f{(p)\ip\. If ei = w, then f{z)\z\ is strictly increasing, so 
we get f{(p) = fifj), and then going back to fl2.43p . 

0 = (ei - uj)\\P(p + 011^ < {^(p + - u){^(p + 0)) 

= + < 0 . 

The strict monotonicity of /(a)a implies that at each x, f{ip{x)) = 0 implies 
/(0(a;)) = 0 and (p{x) = 0 = f^i^x). Hence 0 = —(3(p (a.e.). 

Thus we obtain 0 = —/3ip anyway. Then the equation for ip and 0 implies that 


(a; - H)p) = = -/(0)0//3 = f{(5ip)ip. (2.49) 


Since / is strictly monotone, this implies /3 = 1 or (p = 0 a.e. 


□ 
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Once we have the uniqueness of for u, it is easy to prove continuity and then 
differentiability in u. Differentiating the equation 

{H + U + = 0, ifl := (2.50) 

and multiplying it with yield 

a^M((p^) = = -{{H + a; + < 0, (2.51) 

where we used if+a;+(p^ > 0, because > 0 is the ground state in the kernel of this 
Schrodinger operator. Hence M((ptj) is decreasing in u. Moreover, M((p^) —)■ oo as 
u —)■ +0, since otherwise the weak limit yields Q ^ ipo & H} satisfying Hipo + ipl = 0, 
which is impossible. Using fl2.8p as well, we conclude the proof of Proposition 12.61 


3. Blow-up below the excited energy 


We are now ready to prove the blow-up part of Theorem 11.11 using the above 
characterization of together with the estimate on K 2 , namely Proposition 12.51 
Let M be a solution of fll.7p with s = -1-, satisfying fll.26p as well as M(m) =: /i < /Xg 
and E(m) < <^i(/i), where /le is the small mass condition of Proposition [2]5l Fix 5 > 0 
such that E(m) < f^i(/i) — h. Suppose for contradiction that u exists on 0 < t < cxo. 
Then Proposition 12.51 and Lemma 12.31 together with the continuity of u{t) in Hi 
imply that fll.26p is preserved for all f > 0, and also from fl2.23p 

'^2{u{t)) < -k{h,6). (3.1) 


We have the saturated virial identity from 

dt{RfRu\iUr) = 2K2 {u) - j[2\Ur\^fo^R + -R“V|Vi,r + \u\^f2,R]d^ 

- ^(1 - fRR/r)\u\^x • VVdx, 
where /i?(x) = f{x/R) with i? S> 1, and fj,R{x) = fj{x/R) are derived from / by 


(3.2) 


/o = 1 - L > 0, /, = A(dr/2 + l/r)f, h = -3/2 + ({l,/2 + 1/r)/, 

while f{x) = f{\x\) is chosen to be smooth radial satisfying 

r (r < 1), 


fir) = 


3/2 (r > 2). 


The |mc integral is bounded by the radial Sobolev inequality 


'^\\L^(\x\>R) ~ ll'*^llL2(|a,|>R)||'nr||L2(|a;|>i?)- 


Then we obtain 


- I [2\ur\ fQ,R + R + |w| /2 ,R + (1 -/r^/l)|m| T • VUjda; 


(3.3) 


(3.4) 


(3.6) 


(3.6) 


as 7? —f 00 . See j2Q], [TSl §4.1], for the detail. Note that the potential part was 
treated by 111 .ddll . using 1 — /rR/v — 0 for |a| < R. Henee, for large we have 

dt{RfRu\iUr.) << 0. (3.7) 
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Since ||m||l 2 is conserved, it implies that ||mj ,||2 —t oo as t —)■ cx3. Then as t —)■ oo, 

K 2 (m) = 3E{u)-lf{u) - (m) ~ -||Vn||^. (3.8) 

The rest of the proof is the same as in the case without the potential, see [20] . Thus 
we obtain the “if’-part for (11.261) of the blow-up in Theorem ll.il 

Next we show the “only if’-part of fll.261) . namely the global existence when it 
is not satisfied. If s = —, then we have a priori bound by conservation of the 
energy and mass, disposing of the potential part by Lemma 12.11 which leads to the 
global well-posedness in 

Hence we may restrict to the case s = -f, M(m) = ft < fie and E(m) < S’i{fi). By 
the persistence of fll.26p proved above, if fll.2611 is initially not satished, neither is 
it at any other time. If ]K 2 {u{t)) < 0 and ||VM(f )||2 < 1, then Lemma [2.31 implies 
that ||M(t)||^i ^ /i -C 1. If ]K 2 (M(t)) > 0, then fl2.27p yields a priori bound on 
by the mass-energy conservation. Hence the solution u is global and bounded in 
for all f G M. Moreover, we have the scattering to the ground states by [10] if 
]HI°(M(f)) < /i, and it is preserved for all f G M. 

Thus we have obtain the global existence part of Theorem 11.11 

Lemma 3.1. For any m(0) G H} satisfying M(m(0)) = fi < fie and E(m(0)) = £ < 
^i(/i), the corresponding solution u of fll.7|) is global in time iff fll.26p fails. Then 
it is never satisfied at any f G M. Moreover, the global solution u satisfies one of the 
following 

(i) ||'n(t)||^i < fv for all f G M, scattering to 

(ii) T ~ ~ ^ 2 {u{t)) > K{fi, S’i{fi) — e) for all f G M, 

where k> is the same as in fl2.23p . 

The rest of this paper is devoted to the scattering in (ii). 

4. Modulation and linearized equations around the ground state 

Here we recall the coordinate in uni around the small ground state, and observe 
that it can be applied to large solutions as long as the mass M(-u) is small, including 
the excited solitons. For any /i > 0, denote 

//‘M := {*> 6 I M(^) < fi}. (4.1) 

Let $ : Hb —?• Hf be the small ground states as in Lemma We have the following 
nonlinear projection to them. 

Lemma 4.1. There exist 0 < fip < fib and a unigue mapping H^[fif\ 3 g) ^ {z,rf) & 
Dp X H^lfip], where Up := {z G C | < 2/Xp}, such that 

V = fl-H + V, 

Tf G ne[z] := {fi G H\E?) I (#|a,<F[z]) = 0 (j = 1,2)}, 

where dj denotes the derivative with respect to the real and imaginary parts of z = 
zi+iz 2 . Moreover, the map (p ha {z, rf) is smooth and injective from H^[fip] to CxHf. 
Furthermore, the orthogonal projection Pc to the continuous spectrum subspace 

Pcg> := 1 - (4.3) 
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is bijective from Rc[z] onto 



PM = P,H\W) 

= {»5 6 //‘(R“) 1 {if\<t>o) = 0 = {iip\itt>o)}, 

(4.4) 

for any z G Dp, and 

m ■= (f=i«.M)"‘ 

(4.5) 


is a compact and continuous perturbation of identity in the operator norm on any 
space between H'^ fl and H~‘^ + 

In [To], the above coordinate was defined on a small ball of However, it 

is easy to see that the smallness in suffices, since z is determined by solving the 
orthogonality conditions 

{(f - ^z]\idj^z]) = 0 (j = 1,2), (4.6) 

by the implicit function theorem. The derivative of the left hand side equals 

{(f - (^[z]\idkdj(^[z]) - {dk^z]\idj(^[z]), {j,k e {1,2}). (4.7) 

The second term is a non-degenerate 2x2 matrix of 0(1), while the first term is 
bounded by ||(p — ‘h[- 2]||2 ^ yTo thereby the implicit function theorem works, 
leading to the conclusion. The bound follows from the orthogonality 

M((y9) = M(<I)[^]) -I- M(?7). (4.8) 

The operator R[z] is linear, so it does not need any smallness condition. Actually, 
the above lemma holds without even assuming that the function is in H^. Hence 
every solution u in H^[fip\ can be written as 

u{t) = <I>[^(t)] + R[z{t)]f{t) = <I>[^(f)] + vit), (4.9) 

uniquely, and the equation for u can be rewritten for {z,^) as, regarding C ~ 

z-zn[z]z = m^,Rm := M{z,R[z]0-HN{z,R[z]0\D<!>[z]), 

tf + H^ = B[z]f + N{z,0, 

where M(-) is a 2 x 2 matrix and A^(-, •) is a scalar defined by 
Mj^k{z,r]) := {idj^z]\dk^z]) - {ir]\djdk^z]), 

N{z,t]) := 5 |24>[z]|pp , 

B[z] is the “potential part” by the small soliton, namely 
B[z]^ := sP,{2mz]\^R[z]f + 

which is M-linear but not C-linear, and N{-, ■) is the quadratic part 
N{z,f) := P,{N{z,R[z]0-^D^zm^,Rm}■ 

We introduce some notation for the linearized solutions. For any s G M and any 
set X, the set of X-valued functions defined around s is denoted by 

A{s} := {u: I ^ X \ s e3I CR}. 


(4.11) 

(4.12) 

(4.13) 


(4.14) 
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For any interval I (Z M., z E C{r,C), Sq E I and u E H^{so}, the linear solution v of 

iv + Hv = B[z]v, v{so) = u{so) (4.15) 


is denoted by 


u[z, So] := V E C{I-, H^). 


(4.16) 


Note that this depends on n(so) but not on u(t) at the other time t ^ Sq. Indeed, 
there is no point for u to depend on t in the dehnition, but this convention avoids 
writing the same time Sq twice. We can apply it to time-independent u as well. 
Obviously 


Vsi e /, u[z,So\[z,Si] = u[z,So\, 
while the solution without the potential B[z] is given by 

m[0,so] = e4*"^o)^n(so). 

The associated Duhamel integral is denoted by 

:= j f[z,s\{t)ds, 

J So 

so that V := Vflz, sq] satishes 

ii) + Hv = B[z]v + f, v(so) = 0. 

Hence for any ip E z E C{so} and / E the solution of 

ii + H^ = B[z]^ + f, aso)=^ 


is uniquely given by 


Another notation 


^ = (p[z,sq\ +Vf[z,SQ\. 


(4.17) 


(4.18) 


(4.19) 


(4.20) 


(4.21) 


(4.22) 


(4.23) 


[n[2:,SoJ (t > So) 

is convenient to “turn off the nonlinearity” after some time. Indeed if u solves 

ill + Hu = B[z\u + f (4.24) 


and So < si, then we have 

(u = u[z,so]+Vf[z,so], ^^ 25 ) 

\w[^, si]> = u[z, So] Vlt<sJ[z, So]. 

Next a few (semi)norms are introduced for space-time functions. For s G M, put 
Stz^ := n ^By, Stz- := -7 st := (4.26) 

Stz^ is the full Strichartz norm for H^ solutions, and Stz^^^ C C St by 

interpolation and Sobolev. 
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The next semi-norm is a bit more involved. It is needed for long-time perturbation 
argument for the radiation part whose equation contains quadratic terms. For 
-oo < To < Ti < T2 < oo, z e C((To, T2); C) and u e C((To, Ti); H^), 


u\\[z-,To,Ti-,T2] ■— sup \\u[z,T]^ - u[z, S]:^\\si(S,T 2 ) 

To<S<T<Ti 


(4.27) 


is a semi-norm vanishing exactly for solutions of the linearized equation with the 
parameter z, namely 


|m||P;To,Ti;T2] 


= 0 


iu + Hu = B[z]u on(To,Ti). 


(4.28) 


If To > —00, we can £x S' —)■ Tq to get an equivalent semi-norm 

||w||p;ro,Ti;T 2 ]' := sup \\u[z,T]y — u[z,TQ\y\\si(^To,T 2 ) 

ro<T<Ti (429) 

< I|w|IP;To,Ti;T 2] < 2||M||[2;To,ri;T2]', 


where the hrst inequality follows from the continuity as S —)■ Tq-I-O, while the second 
one is obvious by the triangle inequality. 

This semi-norm measures how much u deviates from the linear evolution between 
To and Ti and its influence until t < T 2 . If m solves fl4.24p on (To,Ti), then 


M||[2;To,Ti;r2] 

m||[ 2 ;To,Ti;T 2]' 


= sup \\Vlt<Tf[z,S]\\si(S,T2}, 

To<S<T<Ti 

= sup \\Vlt<Tf[z,To]\\si(To,T2)- 

To<T<Ti 


(4.30) 


Since we use only the Strichartz type estimates, i.e. Tf norms, the right hand side 
will be estimated in the same way as ||T/[2;, To] ||st{To,ri)- If will be used mostly to 
bound (for To, Ti G M) 


M||p;ro,ri;T 2 ] > max(||M-M[z,To]||st(ro,ri), \\u[z,Ti] - u[z,To]\\st{Ti,T 2 ))- (4.31) 


The idea of long-time perturbation in this type of norms, together with the use of 
non-admissible Strichartz (as in Lemma 031 below), was introduced in [12] to treat 
quadratic and sub-quadratic nonlinearity. 

An advantage of fl4.27p compared with the equivalent form is the monotonicity: 


To<U< T[ < Ti, T2 < T2 


u 


P;T',TPT'] < 


|M|IP;To,Ti;T 2], 


(4.32) 


which is obvious by the dehnition. It is also subadditive for gluing intervals. 


Lemma 4.2. For Tq < Ti < T2 < T3, z e ^^((To, T3); C) and u G C'((To, T3); H^), 
||m||p;To,T 2;T3] < ||M||[2;To,ri;r3] + l|w||[2;Ti,r2;r3]- (4.33) 


The subadditivity holds also for the equivalent form, which is left for the reader. 

Proof. The left side is the supremum of ||m[z,T]> — m[^, *S']>||st( 5 ,r 3 ) over Tq < S' < 
T < T 2 . If To < S' < T < Ti or Ti < S' < T < T 3 , then it is trivially bounded by 
the hrst or the second term on the right. If Tq < S' < Ti < T < T 3 , then we have 

\\u[z,T]:^ - u[z, S]>\\si{s,T3) < \\u[z,T]y - u[z,Ti]:^\\^i(s,T3) 

+ \\u[z,Ti]y -M[^,^]>||Bt(s,T3) (4.34) 

< ||M||[2;To,Ti;r3] + II«|| [2;ri,T2;r3], 

using the continuity of u[z, i?]> in 5t(S', T 3 ) as 7? —)■ Ti. □ 
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Now we derive the standard Strichartz estimates for the linearized eqnation, with 
nniformly small 2;. 


Lemma 4.3. Let I = (To,Ti) be an interval and z G C'(/;C) with ||2;||ioo(7) -c 1. 
Then for any Sq E I, (p E f E T E (Tq,Ti) and 9 E [0,1], 

ll</5[^)So]||st,em < ||v?(so)||h 0 ~ inf ||</2[z,so](t)||He ~ snp ||v?[^, So](t)||//e, 

(4.35) 

So] ||gtze( 7 ) ^ ll/llstz*'’(/)5 So]||[ 2 ;To,r;Ti] ^ II/II Stz*l/2(To,T)' 

Moreover, i/snp/ = 00 then we have the scattering of u := (p[z,So] + VPcf[z, Sq\ 
as t -E 00, namely the strong convergence of e~^^^u{t) in H^, and furthermore, 
u(t) —>■ 0 in L^. The same holds for t —>■ — 00 . 


Proof. Let f := ip[z, Sq] pPPcflz, Sq]. Then the Strichartz estimate for e^^^Pc yields 


ll^llstz®(7) ~ ll9^('So)||//e + Il-S[2:]^ + -Pc/Ilstz*»(7)) (4.36) 


where the term B[z]f is bonnded by 

and absorbed by the left. This yields the three ineqnalities in fl4.35p . 
If snp / = oo, for any increasing seqnence tn ^ oo, we have 

|e-‘‘"5(i)li3: = / e-"«(B[2]« + PJ)d,, 

and nsing the Strichartz as above, 




< 


ll'CllL2Bi.2h" 


i) T ||/llst2*l(tm,4n)) i^rn < fn) 


(4.37) 


(4.38) 

(4.39) 


where the right side tends to 0 as fm —t cxd, since the norms consist of Lf with 
p < oo. Hence e~^^^f{t) converges as t ^ oo strongly in H^. Then the decay in L® 
follows from the —)■ L® decay estimate, the Sobolev embedding Til C L® and 

the density argnment. 

For the norm eqnivalence, let u := ip[z,SQ] and Uq := (p[0,So]. Then by the same 
Strichartz as above. 


ll"^ "^^ollstzSp) -C \\u\\i,2bI.^{i)i (4.40) 

and so the right hand side is eqnivalent to (since p E PcH^) 

II'Wo||l2b« 2T) ~ ll“o(so)||r/e ~ \\{HPc)^^'^uo{so)\\l^ ~ \\uo\\l'p>h^(i}, (4-41) 

which implies the hrst estimate in the lemma. □ 


As an immediate conseqnence, the semi-norm [z;---] is bonnded by the fnll 
Strichartz norm 


||M|lp;To,Ti;r2] ^ ||w||stzi(ro,Ti)> (4.42) 

since we have for any S,T E (Tq, Ti), nsing the Strichartz estimate for the linearized 
eqnation, 

\\u[z,T]^ - u[z, S]>\U(s,T 2 ) 

< |]m-M[^, 5]|],t(s,T) + ||m[^,^] - u[z, S]\\si(T,T 2 ) < l|M||stzi(ro,ri)- 


(4.43) 
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We also need non-admissible Strichartz estimates. 

Lemma 4.4. Let (po^Qo), £ (I^cxd) x (2,6] and aj := 2/pj + 3{l/qj — 1/2) 

satisfy 

(To + (Ti = 0 > aj — l/pj, \(Tj\ < 2/3. (4.44) 

Then there exists C > 0 such that under the assumptions of the above lemma, 

||PFJ[x,So]||iPOi90(j) < (4.45) 

If (po, go) = (4, 6), then for Tq < T <Ti, 

\\VPJ[z,So]\\[z-,To,T-,Ti] < {AAQ) 

Proof. This set of estimates for the free Schrodinger equation was proved by Kato 
fn\ for qj < 2*, and by Foschi |H] and Vilela |2S] for qj =2*. It is transferred 
to the time independent equation Pc by Yajima’s argument of bounded wave 
operators [22] • More precisely, the condition |crj| < 2/3 is not needed in Kato, 
but only in the double endpoint case go = gi = 6 by Foschi and Vilela, in the 
form po = Pi G [6/5,6]. The above lemma is infected by this condition including 
non-endpoint cases, because we use the double endpoint estimate to treat the time- 
dependent potential part as a small perturbation. Let u := VPcf[z,so]. Then by 
the above estimates on 

\\u\\(L^^OLlOnLpLm) ~ (4.47) 

where p 2 ■= G [6/5,6]. The potential term is bounded by 

||F[2:]-u||^p2£,6/5(j) ^ lklli”(7)ll'“llLpL6(/) -C ||m||lPl6(7), (4.48) 

and thus we obtain the desired result as in the previous lemma. □ 


5. Linearized profile decomposition 


Now we develop a prohle decomposition for the linearized equation of the radia¬ 
tion part in (I4.10p . For that purpose, we need a similar notation to the above for 
sequences. For any sequences a,b,c,..., the sequence in the form 

N 3 ^{an,bn,Cn,... (5.1) 
for any expression ^ (as long as it is well dehned), is denoted by 

(ci, 6, C, . . . , ) . ( On , bji , Cn , . . . , )]’n' (5.2) 


The same convention applies when the sequence is dehned only for large n G N. 
When ^ = {^n}n is a sequence of sets, then it is regarded as the product set: 

X G JT Vn G N, Xn G (5.3) 

The same convention is applied to lim, sup, etc., for any sequence X = 

X limX := lim SupX := supX„, 

” 15 41 

limsupX := limsup liminf X := liminf X„, 


n—)-oo 


n—)-oo 
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unless the limit is explicitly associated with another parameter. “Sup” is capitalized 
to avoid possible confusion. 

The set of open intervals is denoted by 

y := {{a, b) C R \ a < b}. (5.5) 

For any / G the set SBC(/) of sequences of uniformly small, bounded and 
continnous fnnctions is defined by the following. For any G C(/; C) 

G SBC(/) (5.6) 

iff snp^gpjsnpjgj^ \zn{t)\ I and 

We >0, 35 > 0, Vs, Vf G I, Snp \s — t\ <5 Snp |2:(s) — z{t)\ < e. (5.7) 


The smallness reqnirement can be determined by V. Since it can be fixed thronghont 
the paper but does not play any role, we leave it unspecified. 

For any / G any 2; G C(/; C) and any ;2oo £ C(R; C), we say that z ^ z^o 
locally nniformly on I iff for all 0 < T <00 


lim snp 

t&[-T,T]nIn 


\Zn{t) - Zoc{t)\ = 0 . 


(5.8) 


Let 3 I 3 s, C{I] C) 9 and 3 u. Note that they are all seqnences by 

the above convention. Snppose that limPc'w(s) is weakly convergent in H^. Then 
the seqnence v G C(/; H^) solving 

Vn G N, iVn + Hvn = B[zn]vn (on 4), Vn{sn) = hm PcUk{sk) (5 9) 

fc—>00 ' ' 


is denoted by 

n[2:,s](oo) := {vn]n = l^l^PcMfc(sfc)} [2:,s]- 
Let s' G / be another seqnence of times, then 

1£[2, S](oo)[2, s'] ^U[2, s](co). 


(5.10) 

(5.11) 


In the antonomous case z = 0, the above object can be dehned by translation: 

Wt G M, M[0,s](oo)(t) = hm PcUk{sk), (5.12) 

fc—>-oo 

which trivializes the limiting behavior as n —)■ cxd. The presence of 2: disables snch a 
precise description. However, we do not need so mnch to prove the scattering result, 
but uniform integrability in the Strichartz norms will snffice, which is given by the 
following lemma. 

Lemma 5.1. Let s E I E z E SBC(/) and u E PcPd^{s} he sequenees such that 
Snp ||u(s)|4i < 00 . Then after extracting a subsequence, there exist 99 G PcH^ and 
Zoo G 4(M; C) such that u{s) ip weakly in z{s + t) ^ Zoo locally uniformly on 
I — s, and 

||m[^,s](oo) - V[^oo,0](t-S)||st,i(7) ^ 0. 

Moreover, for any 0 < T < 00 , 


(5.13) 
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If the convergence u{s) (p is strong in , then 

\\u[z, s] - a[j,s](co)llste>(/) -*■ 0- 


(5.15) 


Proof. First, the uniform continuity of SBC allows us to extend Zn to M so that we 
may assume I = without losing generality. The uniform boundedness in 
allows us to pass to a subsequence such that u{s) 3<p. Let 

t^C{t)-.= z{t + s)eSBC{R^), 

1 M (5.16) 

t HA v{f) := (p[C,0](f) = u[z,s](oc){t + s) e C{R;PcH^)^. 

Since ( E SBC, Ascoli-Arzela implies that, after extracting a subsequence, ( —)■ 3Coo 
in C(R;C) with ||Coo||i,°°(r) -C 1. Let Uoo = p[zoot^] G CiR^PcH^). Then we have 

iv + Hv = B[C,]v, iVoo +Hvoo = B[(^^]voo, Vn, u„(0) = (p = Uoo(O). (5.17) 


We have the full Strichartz estimates on v^o by Lemma [ 4.31 and 

||Too||L 2 (|t|>r;Sl 2 ) = 0 . ( 5 . 18 ) 

Since C ^ Coo in < T) for any T < cx), i?[C] —)■ 5 [Coo] in the operator norm 

of i?g2 ^ -®6/5 2’ uniformly on |f| < T. Hence by the Strichartz estimate on e**^Pc, 
and using C 56^5,21 

l|n — noo||stzi(|t|<T) ^ ll-S[C]n — -B[Coo]noo||L2(|t|<r;R'gC5) 

^ lie “ Coo|U°°(|t|<T)||noo||L2(|i|<'r./^i) ( 5 . 19 ) 

+ 11(C) Coo)||l,°°(|t|<T)||n — Voo\\L'^{\t\<T-,H^)- 

Thus, the last term being absorbed by the left, we obtain 

||n — Uoo||stzh|t|<T) 0 - ( 5 . 20 ) 

Applying the same estimate to the Duhamel with e®*^Pc from t = ±T, we obtain 

||n — noo||stzh|t|>T) 

< ||u(±T) - Uoo(±T)||hi + ll^iCjn - P[Coo]noo||L2(|t|>T;Rl/5) (5.21) 

~ 0(1) + IKC, Coo)||L“(|t|>T)(||noo||L2(|t|>T;R6L + ~ "^oo||^2), 

where the last term is absorbed by the left. Thus we obtain 

limsup ||u — ToollstzhR) ^ II'^oo||l|(|4|>T;H^)- 

Sending T oo, we see that the right side is zero, namely fl 5 . 13 p . 

To prove fl 5 . 14 p . let w{t) := u[z,s]{t + s) and 7 := (u — r(;)[ 0 , 0 ]. 

Strichartz estimate on e**^Pc, 

II(u - w) - 7ll(L-L2nL2^6)(|i|<(r) 

< ||P[C](U - in)||^24/5(|,|<^) < ||n - w\\L2Le^\t\<T), 

so it is bounded by ||7 ||l 2£,6(|4|<7’), which tends to 0 , because 7 ^ 0 in L^L^(|f| < T) 
and bounded in L^Pg. Interpolating with the uniform bounds on v and w, we get 
u — tn — 7 —)■ 0 also in L“L!^(|f| < T), hence for u — w as well. 


(5.22) 
Then by the 

(5.23) 
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The proof of fl5.15l) is similar but easier. We add one derivative to the Strichartz 
norms and extend to the real line, such as L^hfg(M). Then 7 = e**'^7(0) —)■ 0 in this 
norm, since 7(0) —?• 0 strongly in H^. So n — tc is also vanishing. □ 


The linearized equation does not preserve either the mass or the energy, because 
B[z\ is not even C-linear, but the next lemma suffices for the prohle decomposition. 
Since if > 0 on PcH^, its fractional power is dehned. For any 6 G [0,1], the inner 
product is dehned by 

:= i(ff^P,(p|^), e,((p) := He((p,(p), (5.24) 

such that M((p) = ]H[o((p) and ]H[((p) = Hi (99) for all ip G PcH^. 

Lemma 5.2. Let s e I G and z G SBC(/). Let v^,v^ G C{P,PcH^) be two 
sequences of linearized solutions, i.e. = v^[z,s] for j = 0,1. Suppose that n°(s) 
strongly converges in and that n^(s) ^ 0 weakly in Then 

V6'g[ 0,1], ||H0(n°, —)■ 0. (5.25) 


Proof. It suffices to show H 0 (n°, v^){s') —)■ 0 for any s' G /, along a subsequence. We 
use the unitarity 


p ;= 


H0(n°,ni) =H,(F0,F') 


(5.26) 


and the Duhamel formula 

P{t) = v^s) + Vpt), 


rt—s 


Vpf) := I e B[z{s + t')]vPs + t')dt'. 


(5.27) 


n°(s) —>■ 3(p strongly in by the assumption. Extracting a subsequence, we may 
assume s' — s —)■ 3s(,^ G [—00, cxd] and z{t + s) —)■ 3zooit) locally uniformly on / — s. 
Then 


T>°(s') ^ f e '^^B[zoc]T[^ooP]dt, (5.28) 

Jo 

strongly in H^, by Lemma [5Tl fl5.13p . after passing to a subsequence. For V^, we 
use the L^ decay estimate on e**'^Pc- Fix 0 < 5 <C 1 such that l/q± := l/6±(5 G 
[1/p, 1/2). Then for any 0 < T < 00, 


\P^\\L^iI-,L'^++Li-),, ^ 


'\t-s\>T 


|f — s| ^ ^^||P[2;]n^(f)|| q'_dt 


B[z]v\t)\\ ,^dt 


/|i-s|<r 

< + \\v^\\L<p>i\t-s\<T-,Lt), 


(5.29) 


and the last term is vanishing by Lemma f5.ll (I5.14p . Since T > 0 is arbitrary, we 
deduce that P^(s') ^ 0. Hence n^(s') ^ 0, while n°(s') is strongly convergent. Thus 
we obtain H6i(n°, n^)(s') —)■ 0 as desired. □ 


Using the above lemmas, we are ready to prove the prohle decomposition for the 
linearized equation for 
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Lemma 5.3. Let s G I ^ and z G SBC(/). Let i/j G (PcH^)^ be a bounded 
sequence. Then passing to a subsequence, there exist J* G N U {cxd} and s^ G / for 
each No 3 j < J* with the following properties. Let v := fj[z, s] G C'(/; PcH^). 

(i) = s and |s-^ — s^| ^ cx) for each j ^ k < J*. 

(ii) For j < J*, G weakly. Put := p[z,s-’](oo) = 

Then A-^(s^) ^ 0 weakly in for j ^ k, and ^ 0 for j > 0. 

(iii) For each finite J < J*, put 'y^ := u — J2o<j<j ■ For j < J, 'y'^{s^) 0 

weakly in , and for all 6 G [0,1], 

11^' \\Lf^{I-HS) ^ W'^Wue F o{l). (5.30) 

0<j<J 

X^), E[ 6 )(A-^, 7 *^) —)■ 0 for k ^ j < J and 6 G [0,1], uniformly on L 

(iv) For 0 < 6 < 1, 

jim^ limsup || 7 ‘^II[L-L 4 ,stzi],( 7 ) = 0. (5.31) 

We call the decomposition given by the above lemma 

^[z,s] = ^X^+Y, ■=i^[z,s][z,s^](oc), (' 5 _ 32 ) 

0<j<J 

the linearized prohle decomposition. 

Proof. The sequence s^ G / is dehned inductively as follows. First, let s° := s. 
Passing to a subsequence, we may assume z/(s°) ^ Then A° := u[z, s°](oo) and 

7 ^ := 1 / — A° are dehned with 7 ^(s°) ^ 0. The boundedness (in H^) of fj implies 
that o and A° are uniformly bounded, so is 7 ^. 

Let J G M and suppose that uniformly bounded 7 *^ G C{P,H^) and G / have 
been dehned for j < J such that 7 ‘^(s-^) ^ 0. Since || 7 ‘^||i, 7 (/;L 4 ) is bounded, we can 
dehne E I such that 

||7''l|Lr(r;L4j = ||7^(s‘')l|L4+o(l). (5.33) 

If the left hand sequence tends to 0, put J* = J and the dehnition is terminated. 
Otherwise, put X'^ := 'y^[z, s'^](^oa) and 7 "^+^ := 7 '^ — X'^. Passing to a subsequence, 
we may assume 7 ‘^(s‘^) ^ 7 ^ 0 in and z(t + -3 ^zf^(t) G C'(M; C) locally 

uniformly on J — s'^. Then 7 ‘^’''^(s'^) ^ 0 is obvious. Since 7 '^(s-^) ^ 0 for j < J, we 
have —)■ 0 in T“(|t — s-^ | < T; Lf) for any T < 00 , by Lemma l5Tl fl5.14p . Hence 
— s-^l —>■ CX 3 . Then from Lemma f5.ll fl5.13p . together with the Strichartz bound 
on yio[zf^, 0], we deduce that A'^(s'^) ^ 0, and so 0. The same argument 

implies that X^{s'^) ^ 0 as well. 

Hence we can iterate the same procedure. In this way, after the diagonalization 
argument, we obtain the sequences s^ with the properties that |s-^ — -3 00 for 

j 7 ^ k, 7 '^(s-^) ^ 0 for j < J, A-^(s^) ^ 0 for j 7 ^ k, z(t + s^) -3 zl^(t), and the 
decomposition fl5.32p . 

Since A-^(s-^) = while A^(s-^) ^ 0 for fc 7 ^ j, Lemma lOl implies ]H[ 6 i(Ah A^) —)■ 0, 
]H[ 6 )(Ah 7 ^) -3 0 for j < k and 6 G [0,1]. Hence 

me{^P) = H,( A^'(s) + 7 ^(s)) = M,(A^'(s)) + e,( 7 ^(s)) + o(l). (5 34 ) 

0<j<j 0<j<J 
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The equivalence IHl0((y9) ~ on PcH^ and Lemma IT73] imply fl5.30p . 

It remains to prove fl5.31l) . By the dehnition of cf. fl5.33p . we have 

Wi'^Wl^l* = + o(l) < ||A'^||z,^//i + o(l). (5.35) 

Since the right hand side is vanishing by (I5.30p . 

jim^limsup ||7 '^||l“l4 = 0, ( 5 . 36 ) 

and then by interpolation with the uniform Strichartz bound, we obtain fl5.3ip . □ 

6. Nonlinear perturbation estimates 

In order to use the linearized prohle decomposition to approximate the nonlinear 
solutions, we need a few perturbation lemmas for the nonlinear equation of ^ 

ii + Hi = B[z]i + N{z,0 ( 6 . 1 ) 

regarding 2 ; as a given time-dependent function. Since our global knowledge on z 
is very poor (cf. Section 11731) . we should avoid perturbing 2 ; for long time. It leads 
us to prepare the following two lemmas for perturbation: Lemma 16.31 for long time 
intervals where ^ is small, and Lemma 16.41 for bounded time intervals where ^ may 
be large. 

The hrst lemma is a perturbation of 0, or construction of dispersed solutions. 
Lemma 6.1. Let —00 < To < Ti < 00, z G C([To, Ti); C) and ip G . Put 

A/e := \\z\\l^(To,Ti) + Wv^Whs (6.2) 

for 9 G [0,1] and assume A/q ^ 1- 

(I) If ||</9[2;, To]||st(To,Ti)A/7/2 ^ then (16.11) has a unique solution ^ satisfying 

eGC([To,Ti);Lf'), e(To) = (p, lleiUroTi) < llT[^,To]|U(To,Td- (6-3) 

(II) Let f G C{[Tq,Ti)-, H^) be a solution of fl6.ll) with ^(Tq) = ip satisfying 

||^||st(ro,ri)A/’iy2 < 1- (6.4) 

Then for any T G (Tq, Ti) and all 6 G [0,1], 

//"]> - T[^)/^o]|lstz«(ro,ri) ~ A/'e||v?[^, Tq] ||st(To,T)(A/o + ||T[^)/^o]||st(To,T))> (6-5) 
and ||^||[2;ro,T;Ti] < /^olllsgTcT) ~ ll^llsgTcT)- 

Proof. Let ^0 := and ||^o||st(ro,ri) =: <^o- The solution ^ is obtained by the 

iteration argument. If is a solution, then by the Strichartz estimate: Lemma 14.31 

ll^-^o|lstz« ~ ll^llstz»ll^llst(||^||Bt+ IklU-) (6.6) 

for 9 G [0,1]. Using the non-admissible Strichartz: Lemma 14.41 

ll^llst < ll^ollst + C'||N(2:, 011^8/3^4/3 

0 ^0 + ||0lBt||0lL«L4(||0|L7=L3 ||<h[^]||L7=L0 

<'5o+ll/llfll?llLU(ll?lls„./.+Vo). 


(6.7) 
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Suppose that ||^||st 2 i /2 < CA/ 1/2 and H^Ust < C'^o for some constant C S> 1 on some 
shorter interval. Then 

ll'^llstzi/2 < A/’i/ 2 + +-A/'o)||^||gtP/2, 

Since (5o + A/q ^ A/ 1 / 2 , we have 5o(5o + A/q) < ((5oA/7/2)^'^^- Hence, if 5oA/7/2 ^ 1 then 
Il'ClIst ^ (5o and ||^||stz® fo^ ^ ^ [0; t]- Then by the continuity for extending 

the interval, these bounds holds on the whole (0,T). 

If we assume ||^||st(ro,Ti)A/’iy 2 < 1 instead of ^ 0 , then we obtain H^ollsgTcT) < 
||^IU(ro,r) in the same way, starting from T = Tq + 0. In both cases, repeating the 
Strichartz estimate on as above, we obtain (II). □ 

Remark 1. Since is the scaling invariant norm for the NLS without the 

potential, A/ 1/2 is in general large, when we use the above lemma. In the focusing 
case, A/i /2 ~ 1 on ^ 1 , while there is no upper bound on A/ 1/2 in the defocusing 
case. However, we can expect that st is small for dispersive solutions, by which 
the assumptions in the above lemma can be satished. Note also that the estimate 
cannot be closed if we use only the admissible Strichartz Stz^/^ as in 06.61) . because 
of the quadratic terms. 

If the above solution is obtained for t ^ 00 , then it scatters. 

Lemma 6.2. Let Tq G M, (^,0 ^ C([To,C)o);C x PcH^) solve 06. ip on (Tq, cxd) 
satisfying 

lkl|L“(ro,oo) + ||'C||l/°(To,oo;L2) < 1, ||^||L/°(ro,oo;Rl) < OO. (6.9) 

Then the following (i) and (ii) are eguivalent. 

(i) 3(p G iL^(M^) such that |l(p[z,To] — ^||hi —)• 0 as t —)■ oo. 

(ii) ||^||st(To,oc) < oo. 

In this case, we say that f scatters with z as t ^ oo. Moreover, as T ^ oo, 

II'^[^5T] — V^[2:,To]||gt2i(To,oo) + ~ —)• 0, (6.10) 

and for any z G C{[Tq, oo); C) satisfying ||T||i:,j=o 1 , 

||^||p;r,oo;oo] + \\^[z, T]\\ + 11^ 1 ^ 2513 (^ 00 ) ^ 0, (6-11) 

uniformly with respect to T. A sufficient condition of scattering is 

ll^[^,To]||st(To,oo) |lklU°°(To,oo) + ||^(To)||^y2| <1. (6.12) 

The scattering with z as t ^ —oo is defined in the same way, which has the same 
property as above. 

Proof. Assume (i) and let := <p[z,To]. Then by Lemma SSI ||'C+llstzi(ro,oo) < 
and so in particular ||^+||st(r,oo) —)• 0 as T —)■ oo. By (i) and the Strichartz estimate, 

iie+-e[AT]iuT,oo) < iie+(T) -e(T)iiHi /2 ^ 0 . (6.13) 

Hence for sufficiently large T, the previous lemma implies ||^||Bt(r,oo) ^ ||C[^) T]||st( 7 ’,oo)- 
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Assume (ii) and let T > Tq so large that we can apply the previous lemma on 
(T,cx)) to get ||^||stzi(T,oo) ^ ll'^[^>^]llstzi(r,oo)- Then for any Ta > Ti > T, by the 
Strichartz estimate: Lemma [4.31 

Ta] — < ||iV(^,0Ilstzi*(ri,r2) ,q 

~ ll^llstzi(Ti,oo)[ll^llsi(Ti,oo) + ll^llsgTi.oo)] 0 

as Ti —)■ oo. In particular ^[z,T]{Tq) is Cauchy in as T —>■ cxo, hence convergent 
to some G H^. Then 

U4z,To]{T) - aniHi < lle+[ATo]-e[^,T]||stzi(ro.oo) 

<U+-^[z,T]{n)\\Hi^0 (T^oo) ^ - ^ 

and so (i). Thus in either case, we have ||^[^,Tjlljg-r^oo) —)■ 0 as T —>■ cx), hence the 
previous lemma implies 


11^ - < {|1^||lj°°(To,oo) + ||^||Lf=(ro,oo;rfi)} ||^[2;,T]||st(r,oo) 0 (6.16) 

asT ^ oo. Hence U\\l^bI^{t,oo) 0. Let := ^[z,T] and := ^[z,T]. Then 


^,=^, + ViB[I\-B[z])^,[z,T] 

and by the Strichartz estimate: Lemma 14.31 

ll^l|lstzi(r,oo) ^ ll^ollstzpT.oo) + 

After the last term is absorbed by the left, we obtain, as T —)■ oo, 

II^[aT] < 2||^[z,T]||525i^^(2._^) -)■ 0, 

which is uniform with respect to F. By the previous lemma, we also have 
||C||[z;r,oo;oo] < ||C[i, T] ||st(T,oo) ~ H^HagT.oo) 0. 

The sufficiency of fl6.12p for scattering is now obvious by Lemma 16.11 


(6.17) 

(6.18) 

(6.19) 

( 6 . 20 ) 
□ 


The next two lemmas are concerned with difference of two solutions. For the sake 
of brevity, the following notation is introduced for differences. For any expressions 
3^ and a,b,c,..., 

(at>, b^, c^, ...,):= .^ (oo, 6o, Cq, ...,)- .^ (oi, bi,Ci, (6.21) 


The hrst lemma of difference estimates treats perturbation of dispersed solutions. 
It will be used either with zq = Zi or on a short interval. We need the non-admissible 
Strichartz for difference of quadratic terms. 

Lemma 6.3. Let —oo < To < Ti < T 2 < 00 , Zq G C([To, T 2 ); C), Zi G C([To, Ti]; C), 
and ( 0,^1 ^ (3([To, Tij; solve 

Wt G (To, TO, lij + + N{zj, Q. (6.22) 

Put Afg := |Oj||L“(To,Ti) + |lOlU?°ToTi;J?l) ^ ^ suppose that for some 

0 < ~ satisfying Ao + 5A/7/2 ^ 1? 

||'Co[A,To]||st(ro,Ti) < b, ||<>[A,To]||st(To,Ti) + ||<2^t>||L4(2.o,Ti) < <5. 


(6.23) 
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Then we have 

IH'Ci>||[^;ro,ri;r2] ^ . (6.24) 

Proof. The previous lemma [ 6 T] applies to both which implies 

IIOllstz®(To,Ti) ~ IIOllst(To,Ti) ^ (6.25) 

Now apply the non-admissible Strichartz estimate, Lemma [4.41 to Duhamel 

<> = <>[ 2 ^ 0 , T'o] +V{<\N{z^,f,^) + <iB[zt,]^i}[zo,To]. (6.26) 

Choose 


(Po, go) = (4, 24/7), (pi, gi) = (2, 24/5), (p 2 , ga) = (4, 24/9) (6.27) 

so that (To = —1/8, (Ti = (T 2 = 1/8 and we can apply the lemma. Then 

To] 11 ^ 444/7 < ||<iV(z^,^^) +<5[z>]^i||^2^24/19^^4/3^24/15 , 

~ {IH^t>llL4^24/7 + ||<l2:t>||L4}(||^o||3t + ||^l||st){l + ll^ollst + ||^l||st}, 

where the linear and quadratic (in .^05 ■Ci) terms are estimated in while the 

cubic terms are in The factor 1 comes from the term <i?[z]^i, and it also 

includes the smallness factor A/q <C 1. For the cubic term with <z^, we used 

\\<R[z^]fj\\Hi < h^lllOlUi < \<z^\Rfo- (6.29) 


Thus, using the smallness of ||^j|| 3 t(To,Ti) and ||<-2>||L4(To,ri), we obtain 

Applying the same estimate to the Duhamel formula 

<>[^o,Ti]> = <^[zo,To] +VlTo<t<TA<Ni^>,^>) + <B[z^]fi}[zo,To], 
we also obtain 

IH^t> [^Oj Tl] > ^ 0 ] ||^4^24/7j^j,^^j,^^ ^ ^ 0 ] ||^42,24/7j^j,^^j,^j + (5(5, 

and this norm is related to st = T/L® by interpolation and Sobolev as 

ll/ll.. < ll/ll‘iWll/llfi., ;S ll/lll+rll/fsfh 

ii/p-4-/, < \\f\\lhm%fi < ii/iiFii/iistt. 

Injecting these to the above and using the Strichartz bound, we obtain 

as desired. 


(6.30) 

(6.31) 

(6.32) 

(6.33) 

(6.34) 
□ 


The second lemma of difference estimates treats perturbation of large solutions 
with hnite Strichartz. It will be used only on a bounded interval of time. 
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Lemma 6 . 4 . Let —oo < Tq < Ti < T2 < 00, Zq G C{[Tq, T2); C), ^1 G ^([To, Ti]; C), 
^ C{[Tq,Ti]] H^) solve 

Vt G (To, Ti), iij + H^j = B[zj]^j + N{zj, Q. (6.35) 

Put for 9 e [0,1] 

:= lkilli,?°(ro,ri) + ||^j||Lj»(To,ri;H|), A /2 := ||^o||st(To,Ti), (6.36) 

and assume A/q ^ 1- Tor any £ > 0, there is (5*(A/i, A/ 2 , £) > 0, continuous and 
decreasing for each A/)-, such that if 

IH^t>[^o,To]||st(To,Ti) + ||<i2:t>||L'»(ro,ri) < (6.37) 

then we have 

ll<'Ci>llN;To,Ti;r2] < (6.38) 

Proof. For any A^ G N, (Tq,Ti) is decomposed into snbintervals Iq, ... ,Ij^ snch that 

Vj = 0,..., AT, ||eo||,t(/p < 2iV-V4A72 =: 5. (6.39) 

Let Ij =: {Sj, Sj+i). If SJ\fy 2 ^ 1, then we can apply Lemma 164] starting from Sj, 
and we obtain 

ll^oi^^o, Tjjllstpp ~ ll^ollstpp < T (6.40) 

Snppose that for some 5o > 0, 

NC>[^o, Tojllsyso.Ti) + ||<'2:t>|lL4(5o,ri) < ^-^ 1/2 ^ 1- (6.41) 

Then ||^i[2;o, To]||st(So,5i) < <5 and we can apply Lemma [6.31 on Jq. Then 

IKJI N;S..a;T,l < (6.42) 

Let (5i — So + then 

Ti]||sit(Si,Ti) + < 5i. (6.43) 

Hence if 5i < 5 then we can repeat the same thing on Ji. Dehne the seqnence 6j for 
j = 0,..., A^ indnctively from (5o by 

6j+i := 6j + C'(AAoAAi)3/75F75i/7_ (5 44 ) 

Given A/) and A/ 2 , we can determine S and N snch that 

2AT- 1 / 4^2 < 5 < A/f 3 < Af-^. (6.45) 

Then there is 5* = 5*(A/i, A/ 2 ,e) > 0 snch that 


(5o < 6, 


Sn+i < min((5, e). 


(6.46) 
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Then for (5o < 5*, we can iterate the above estimate for all j to get 

N 

ll<>||[ ZO',To,T-i_\T2] — E IK.II 

j=0 

N 

< Y, = 6n+i -So<e, 

j=0 

where we nsed the snbadditivity for consecntive intervals by Lemma 14.21 


(6.47) 


□ 


7. Nonlinear profile decomposition 

We are now ready to develop a prohle decomposition for NLS fll.7p in the {z,^) 
coordinate, i.e. the eqnation (Id.lOh . Let / G and u E C{r, H^[fip\) be a seqnence 
of solntions of fll.7p in the mass region of the ( 2 ;, .^)-coordinate. Put 

In=-.{T^.Tn) (7.1) 

for each n G N. We can uniquely write u = 4>[^] + by Lemma 14.11 where 

(z, ^) G C(/;C X H^) is a sequence of solutions for fl4.1Up . Suppose 

Ml := Sup {|1 ^||l“(/) + < C) 0 , (7.2) 

where the part is uniformly bounded by so that we can omit it. Then we have 
z G SBC(/), since the smallness of \z\ is already in Lemma ITTl while (15.7p follows 
from a uniform bound on \z\ (depending on Mi), easily observed in the equation 
(I4.inp using \\ri\\m ^ Mi, Hi C L®, and the compactness of Dp C Db for the 2 ; 
dependence. By the M conservation 

Mo := Sup {|| 2 ;||lj°°( 7 ) + 1. (7.3) 

Similarly for 6 G [0,1], put 

Me := Sup {||z||i^(7) + ||n||Lf>(/;R9)} <-A/q ^Mi- (7.4) 

For any s E I, we can apply the linearized prohle decomposition: Lemma 15.31 to 
the sequence ^(s). Passing to a subsequence, we have for each J < J*, 

^[z,s] = + 7“^, := ^[z,s][z,s^](oo), 

where the following abbreviation is used: for any interval I, 

V := E 

jg/nz 

Extracting a subsequence if necessary, we may assume 

— s ^ a^oo, E {+, —} 

for each 0 < j < J*, and, since fl4.10p implies that ( 2 ;,.^) is weakly equicontinuous, 
(^,0(s^ +^) ^ 3 ( 2 ;^, ^^)(t) in C X w-H\ (7.8) 

locally uniformly on / — sL Put 

:= liminf(/ — s^), P := P^ + sL 


(7.5) 

(7.6) 

(7.7) 


(7.9) 
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fl7.7p implies D {—oo < aH < 0} for j > 0. For j = 0, we have D [0, cxo) if 
T — s ^ oo and D (“oo, 0] if T — s —oo. Note that if |J„| is bounded then the 
decomposition is trivial, i.e. J* = 1. In either case, P 3 s\ = s. By the property 
of SBC, we can extend to SBC(M). By the subcritical nature of NFS, it is easy 
to see that the weak limit {zP,P^) is a solution of M.lOp in C{P^]P x PcH^). In 
other words. 


up ■= ^zP] + R[zP]P^ (7.10) 

is a solution of fll.7p on /^. Using that R[z] — 1 is compact on H^, together with 
the weak convergence of the linearized prohles, we have 

“(s) = *l«!t(o)l + ■Rl^»(o)]?(s) + o(i) 

= «:L(0) + AMW+7"W + o( 1) iiiff', 

and, using the orthogonality as well, 

(u)=M(u;^)+ M(AJ(s))+M( 7 -'(s)) + o( 1), 


(7.11) 


0<j<J 

E(m) = E(m)),) + ^ H0(A^'(s)) + H0(7-^(s)) + o(1). 

0<i<J 

The nonlinear prohle G C(P; PcHp is dehned by 

A^(t) :=ejt-sp. 

Also put 

:= lim,.(sJ) = e P,H\ X^, := ^L[zi,,0] £ C(m-,P,H^] 

Zj{t) := z{s’ +t), zf^^{t) := zi^{t- s’), Xf„)(t) XL(t - s’), 

such that Zj = zP + o(l) in C(M), and using Lemma EH flS.lOp . 

A'= v4,l2,sJ] = A7,+ o(l) in Stz‘(/), 


(7.12) 


(7.13) 


(7.14) 


(7.16) 


while {z^^^yAp is a sequence of solutions of fld.lOp on P. 

The nonlinear remainder T*^ G C'(/; Hp is dehned for each J by the same sequence 
of equations as with the same initial data as 

ifJ+ = B[z\T-^+ N{z,Tp, r^(s) = 7*^(5). (7.16) 

Since lim limsup ||7'^||st(/) = 0, Lemma ICTl ensures the unique existence of for 

J—A J* 

large J and large n, satisfying 

l|rnllstz«7n) ~-A/6I, ||r;( -7nl|st(7„) + II|| ^ IITh llst(7„)- (7-17) 

We have 0 for each j < J. Moreover, for large J and for 0 < j < J, 

r'^(s^) ^0, 0 < Vr < CX), ||r^||3t(|i_,7|<r) + ||7'^llBt(|t-.q<r) ^ 0. (7.18) 

Proof of fl7.18p . Let be a sequence of weighted norms on I dehned by 


-5, 


XJ := sup {t - sP ||/(t)||(L4+LPp 
t£l 


(7.19) 
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where 5 > 0 is fixed such that 0 < 5 < 1/2 — 3/p. By Lemma 15.11 (15.141) . we 
have ||7'^(t)||L| 0 locally uniformly around t = , which implies ||7'^||xi 0 , 

thanks to the decaying weight. Suppose that = +, namely s-’ — —)■ cx 3 . Put 

:= B[z]T'^ + N{z, r"^). Then by the decay estimate on e^^^Pc, we have at any 
t E In satisfying f > s„, 

lir;:(«) - 77 *)IIl;+l; S r /(«- «')ll7(OIL;/.ni7‘'. 

J 

fit) 

and, by Holder and Sobolev, 

< \\Ti\\L4+Lp{\Zn\^ + W'l'iWlinLl) 

<{AAo^ + l|r;:ili,oc^4(,„)}||r/|L4+^p. 

By Lemma [ 6 .11 we have 

\\'^i\\L^Lt(I„) < WlnllLf-Liilr,) + C'-A/'3/4||7n||st(/n)(-M) + llhn llBt(7„)) 

Taking J and n larger if necessary, we may assume that the right hand side is 
bounded by A/q <C 1. Inserting this to the above estimate and then to fl7.20p yields 

llTnW - 7n WIIl4+LP < [ /(^ “ 0 (^' “ dt' 

Ju (7.23) 

where in estimating the integral in t', our choice of 6 implies —3(1/2 —l/p) + (5 < —1, 
which ensures the integrability for t' —)■ ±cxd. The estimate in the cases t < Sn and 
= — is the same, as well as for j = 0. Thus we obtain 

lim ||r“^||x 7 < lim W'y^Wxi = 0, (7.24) 

for large J. By the uniform bound, this is equivalent to 0 weakly in H^, 

locally uniformly around sL Interpolation with (17.171) yields the other part. □ 

Let us now concentrate on the estimate on the time interval t > Sn, assuming 

Tn — Sn ^ oo, (n oo) (7.25) 


(7.20) 

(7.21) 

(7.22) 


since otherwise uniform Strichartz bound for on f > s„ is trivial. The restriction 
to t > Sn allows us to ignore the profiles with ^ —oo. 

Fix a finite J < J*, so large that (I7.18P holds. After neglecting those profiles with 
—oo, and reordering the profile^, we may assume for 0 < j < J 

gj _ gj-^ (7.26) 


Since J is now fixed, we can no longer gain a small factor by sending J —)• oo. Instead 
another parameter 0 < r —?• oo is introduced, decomposing the time intervals 

{s,T)= IJ (sh,4)U(4,si+^), (-727) 

0<j<J 


^This reordering can not be performed before fixing J < oo, since more and more linear profiles 
may well appear between the previous profiles as J —>■ oo, which is a typical dispersive behavior of 
the remainder 7 *^. 
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(7.28) 


where G are defined for each j by 

si_ := max(s'^ — r, s), := min(s-^ + t,T), s;(. := T. 

Henceforth, Or denotes any seqnence of real numbers satisfying 

X{t) = Or 4==^ lim hmsupX„(r) = 0. (7 ‘)Q\ 


By the uniform integrability flT.lSp of the linearized profiles, and their separation 


J _ qJ-I 


—)■ oo, we have for 0 < j < J 


E 11^ 




j<k<J 0<k<j 

S.t|| _ .. J-lIXt 




T) ~ 


(7.30) 


= Or- 


The following is the main property of the nonlinear profile decomposition. 

Lemma 7.1. In the above setting, let 0 < I < J and suppose that is scattering 
with as t ^ oo for 0 < j < 1. Let i := min(/, J — 1). Then 

(i) For 0 < j < J, we have 

11^ “ ^^llh;shy+;r] + (7-31) 

(ii) For 0 < j < i, we have 

ll(^ - r'^)[^,S-] - + l|A^[^,sh]> - A^||stP(/) = Or, (7.32) 

l|A'll[.;.oy_;r] = Or. (7.33) 

(hi) For 0 < j < I, we have 

11^ “ ^ ~ (7.34) 

(iv) For 0 < j < i, we have ||.^^ — A^Hgt^p-oo-r) —t 0 as r —)■ cxd. In other 
words, scatters as t ^ —oo and the scattering profile is A^,- 
Moreover, f is bounded in Stz^(s, s(,_). 

Proof. For the first term of (i), the locally uniform convergence of {z,f){t + s^) 
implies, using Lemma ISTl fl5.14p . 

11^ - ioc)\\LfisI,si) + ^-] - = o(l). (7.35) 

Then by Lemma 16.41 we obtain 

II^-^'II[2;.E<;T]=o(1)- (7.36) 

For the second term of (i), using (I4.3ip . Lemma EH] and (17.181) . we obtain 

||F'^[z,si] - r'^[z, < l|r'^|l[ 2 .p_^p^.r] < l|r'^|lst(siy+) = ®(1)- (7.37) 

fl7.33p follows from fl7.32p . since using fl4.28p and fl4.42p . we have 

- 11^'^ “ '^'^ llp;sO,si;T] + IIII P;sO,si;T] 

< l|A^' - A^||stP(.oy_) < ||AHz,sh]> - Aist^Tp. 


(7.38) 
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The second term of (iii) is bounded using Lemma 16.21 fl6.1ip with the scattering of 
as f ^ cx) 


l|A^' 


•J, .T:T] — II'C^|I[2j;t,oo;oo] Or- 


(7.39) 


(7.41) 


(7.42) 


The remaining estimates are proved by induction on j. For j = 0, fl7.32p = 0 by 
the dehnition and s’). = s’^. Assume fl7.32p for some j < I as an induction hypothesis. 
By the scattering of for t ^ oo, Lemma [6.21 implies 

l|Al^>4]ILi(4,T) = UL[^j^^]\\Bi{r,T-si) = Or- (7.40) 

Combining it with fl7.32p . fl7.37p and (i), using fl4.3ip . we obtain 

< ll(e - r")[^,Sh] - + ||A^-[z,si] - 

+ ii(e-A^-)[z,sC]-(e-A^')[z,s^ji^,.^^^) 

^ Or + 11^ — = Or- 

Restricting it and using fl7.30p . we obtain 

ll(^-r^)[^,4]ILt(si,s!.+b = Or- 

This and the smallness of in (I7.18p allow us to apply Lemma [6)3] to the difference 
of and r;:( for large r and large n, with the same soliton part Zn- Then the above 
decay of the linearized solutions leads to the estimate on the hrst term of (iii): 

11^“^ ^ (7.43) 

If A; := J' + 1 < J, then combining the above with fl7.4ip . using fl4.3ip . we obtain 

< IIK-r")[.-,yi - -I-115- 

which is the hrst term of fl7.32p for k. Restricting the interval to (s^,s^), we may 
discard by fl7.30p . as well as r'^[ 2 ;,s(i] by fl7.18p . where we are allowed to 

linearize T'^ by [z,s^] thanks to Lemma fc.lf llL Thus we obtain 

||e[AS^]-A"||,g,.,,.)=o,. (7.45) 

Since ^{st) — A^(s)i) ^ ^^(—t) — A^(—r), by Lemma l5Tl fl5.14p . we obtain 

Or = II (C^(-f) - A^(-r)) [^, - r] ||,t(«^_^,,fc) 

= II- A^)[^fc,-r]||,t{-r,o)- 

Taking the limit and using Lemma l5Tl fl5.13p with Zk ^ z^, 


(7.44) 


(7.46) 


lim ||^oo[^oo, -^] - Aool|3t(-r,0) = 0. 

T—¥00 


(7.47) 


Since A^ G st(—oo, 0) by Lemma IT731 there is r* > 0 such that 


||ALl|3t(-oo,-r*) + sup ||C^[^^, -r] 

T>T* 


'^oollst(-r,0) ^ ■^1/2* 


(7.48) 








































36 


K. NAKANISHI 


For r > r*, we can apply Lemma [ 6 ?T] to from t = —r, thereby obtain 

lle^l|Bt(-r.-r.) < mlo[zL -T]||at(-r,-r.) « A/T/^- (7.49) 

Sending r —)■ oo implies ||^^||st(-oo,-T*) < oo, so by Lemma W?2[ scatters with 
as t ^ — oo. Hence there exists G snch that 

Jm^||e^[^^,-r] -v?^[2:^,0]||gt,i(_^^o) =0. (7.50) 

Adding this and fl7.47p yields 

II(/--AL)I^L')|IU(-=o,0)=0, (7.51) 

which implies ift = A^(0), hence ||5^ - A^||stP(_oo,- 0 as r —)■ oo. Thus we 

obtain (iv). Since = A*^(t + s^) and + o(l) in Stz^(J — s*^), we 

obtain 


||A*[c,s*]> - A*||s.pa, < ||A‘ - A*|ls,p,,,,,s, = (7.52) 

which is the second term of fl7.32p for k = j + 1, hence the induction is complete, 
hnishing the proof for (ii)-(iv). 

Since the prohles A-^ and the remainder F'^ are vanishing Or in each other intervals, 
we obtain, using the subadditivity: Lemma [4.2) as well as the monotonicity (I4.32p . 

(7.53) 




lh;A,4;T] 
o<i<£ o<j<i 


E ll« - r- 




j + l.rp-^ ~\~ Oj- ^ Oj- 


Since the left hand side is non-decreasing in r, we deduce that 

? := am + AlV) + F'' ^ 11^ - = 0(1), (7.54) 

where the linearized solution is added for free, thanks to fl4.28p . Using (iv) 
together with fl7.15p . as well as the dehnition of F"^ and 7 "^, we have 

e'(s) = A[°’'l(s) + o(l) + A('’'')(s) + 7 ^(s) = e(s) + o(l) in H\ (7.55) 


Hence fl7.54p with fl4.3ip implies 

11^ ~ < 11^ “ = ^(1)’ 

SO we obtain, using (I7.3np as well, 

ll'Cll 3 t(s,nY) - l|A-'^llst(s,s\_) + l|r'^|lst(s,T) + 0(7)) 

0<j<^ 

where each term on the right is bounded by 

l|A- || 3 t(s,sY) — ll^cxDl| 5 t( 0 ,oo) < 00 , 

l<j<i ^ ||A^|| 3 t(,_,^) < IlC^llstw < 00 , 

j — — I < J ^ IIA-'^ llst(s,sA) — ll'^oollst(-oo,T) < OOj 

II7"“^Hags,T) ^ -C 1. 


(7.56) 

(7.57) 


(7.58) 


Therefore ^ is bounded in 5 t(s,s^^). It is easily upgraded to a uniform bound in 
Stz^(s,s(_) as follows. Let s = to < H < • ■ • < such that ||^||st 7 o_i,to) < ^ 




















DYNAMICS FOR NLS WITH A POTENTIAL 


37 


and N6 < ||'ClLt(s,s\_) + ^ some small 5 > 0. By the Strichartz estimate, we have 
for each a 


and the nonlinear term is estimated as before by Holder 

< (A/o5 + 

Hence choosing 5 > 0 small enongh, we obtain 

iieiistzht.,wi) < c'iie(ta)bi < c'iieiistzht._,,i.) 

for some absolnte constant C > 1, which leads by indnction to 

ll«lls..-(..4) < C"||«s)||«. < 
where the right hand side is bonnded as shown above. 


(7.59) 


(7.60) 


(7.61) 

(7.62) 
□ 


The same argnment works on the other time direction (T, s), nnder the scattering 
assnmption of with as t ^ —oo for = — and j = 0. In order to consider 
the whole interval (T, T), we should assume the scattering of as f —)■ a^oo for 
= ±, and of as f —>■ ±cxo. A more precise statement is as follows. 

Theorem 7.2. Let s e I & and C'(/; i7^[/ip]) 3 u = ^[z] + R[z]^ be a sequence 

of solutions for fll.7p . written in the coordinate in Lemma \fLl\ Suppose that u{s) is 
hounded in Hi and let 

^ +7-^, =e[As][^,s^](oo) (7_63) 

0<j<J 

be the linearized profile decomposition in Lemma E3 (for a subsequence). If a finite 
J < J* is fixed large enough, then we have the following. 

Suppose that sup^sup^gj^ ||n„(t)||/^i < oo for a sequence of subintervals !( C 
satisfying s E I', and let (after passing to a further subsequence if necessary) 

^e/^:=U ^ := J^(^n,'^n)(4 + ^) (7.64) 

nGN m>n 

be the weak limit in C x H). Assume that scatters with z)^ as t ^ aoo for each 
j < J and a E {+, —} satisfying alf^ D [0, oo) and hm(T(s — s^) < 0. 

Then sup„ H^nllstzh/;) < oo- Moreover, for each j < J and a E {+, —} satisfying 
0 G and a{s — s^) -3 oo, scatters with z)^ as t ^ aoo and 

+ 4)llstzhAToo)n(7;-.^„)) = 0- (7.65) 

The above statement has nothing to do with the excited state energy, and it is 
applicable even if some nonlinear prohle is not scattering, if the subintervals If are 
chosen appropriately. Note also that !( can be chosen depending on the linearized 
prohle decomposition, after hxing J. See the next section. 
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Scattering below the excited energy 


We are now ready to prove the scattering to the ground states. For each /r > 0 
and A G M, let GS(/i, A) be the totality of global solution u of fll.7p satisfying 


u) < /i, E(m) < A. 


Let 


ST{fi,A) := sup{||^||st(o,oo) I +R[z]^ G GS(/i,7l)}, 
A’ := {(/i,7l) I ST{iJ,A) < oo}. 

Introduce the following partial orders in 

< (h2,^2) /ii < ^J^2 and Ai < A2, 

(pi, Ai) A2) p-i < /i2 and Ai < A2. 

The definition of X implies that for any (/ij, Aj) G (0, 00) x R, 

{^^l■,Al) < {^2 iA2) and (/i25^2) £ ^ ^ 

The goal of this section is to prove that for 0 < /x -C 1 and ^4 G R, 

(/i, j 4 ) G X > A < (01 (yU). 


( 8 . 1 ) 

( 8 . 2 ) 

(8.3) 

(8.4) 

(8.5) 


is trivial in the defocusing case, obvious by the excited states in the 
focusing case. So the question is the <(= part. 

For small data, we have the scattering to by [lO] , together with a uniform 
bound on the Strichartz norms of ^ in terms of ||M(0)||//n In fact. Lemma l6^ implies 

that Hx smallness is enough. In particular, using Lemma l3Tl and interpolation, we 
deduce that (/x. A) ^ X for sufficiently small A for each fixed /x, and for sufficiently 
small /i for each fixed A. Hence X contains a neighborhood of both {/x = 0} and 
{H = 0}. 

Suppose that there exists {hq^Aq) G (0, cx))^ \ X satisfying Aq < ffi(/xo) and 
/xo -C 1. Put 

:= sup{H < Ho | (/ xq , A) e X}, := sup{/x < /xq | (/x, e X}. (8.6) 

Then 

0 < iff* < /xq, 0 < Ejf < Aq < (01 (/xq) < (^i(iVf*), (8-7) 

and (M*, EA) is minimal on dX in the sense that 

(/xi. Hi) < (iff*, F^*)-C (/X 2 , H 2 ) (/xi,Hi)gH’, (/x 2 ,H 2 )^H’. (8-8) 

In particular, there is a sequence (R^)^ 3 {M,E) {M^,EA and a sequence of 
solutions u = <I)[z] + R[z]^ G GS(M, E) such that 


M < fiQ + 0 ( 1 ), E < ||'C||st(o,oo) 00 


(8.9) 


See fl5.2p for the notation of sequences without index. The mass-energy constraint 
together with Lemma ITTI implies that u is bounded in Ff^, so is while \z\ < /xo 1- 
The linearized prohle decomposition: Lemma 15.31 yields 

( 8 . 10 ) 

0<j<J 
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for each J < J*. Let 

+ u^oo ■= + R[zio]iL ( 8 . 11 ) 

be the weak limits, solving respectively fl4.in|l and (ll.7|l . The weak convergence 
implies 

M«) < E«) < E,. (8.12) 

Fix a hnite J < J* so large that we can use Theorem 17.21 Since ||^||Bt(o,oo) —t oo, 
the assumption of Theorem 17.21 must fail for I' := [0, oo)^ 3 s := 0. Hence there 
exists I < J such that > 0 and ||^^||st{o,oo) = oo- We may choose the minimal I in 
the sense that — s* —)■ cx) for all j ^ I satisfying > 0 and ||^^||st(o,oo) = oo. 

Then (18.1211 together with the minimality of (M*, E*) implies that is a minimal 
solution which does not scatter to as f —)■ oo, 

(M*,F;*) = (M(w(,,),E(w(,,)), (8.13) 

and so the convergence is strong in for + s^) u(t + s^) 

In particular, if / = 0 then m(0) —)• m[^( 0) strongly in H^. 

If / > 0, then —>■ oo and the minimality of I implies that for each j ^ I, either 

—oo, ^ oo or ll^^llago.oo) < oo, thereby we can apply Theorem 17.21 to 

r := [0,s*]. Then by fl7.65p . we have 

M, = M(«(,,) = M(<|.[z(,,(-sO]) + M(A^(0)) + 0(1), 

E, = E(wl,) = E(<F[;^^(-s')]) + H°(A'(0)) + o(l), 

using that R[z\ — 1 is compact on and that the scattering is weakly vanishing 
in as t ^ —oo. Then the smallness of the ground states implies 

H°(A^(0)) > E,-C'/io + o(l). (8.15) 

The same argument as above works if the assumption ||.^||st(o,oo) —)■ oo is replaced 
with ||.^||st{o,T) —t oo for some sequence T —)■ oo. Similarly, if it is replaced with 
||^||st(r,o) —t oo for some sequence T —)■ — oo, then the same argument works in the 
negative time direction. 

Next we prove the precompactness of the orbit of a minimal solution. Henceforth, 
the index n of sequences is made explicit in order to avoid confusion. Let u = 
$[ 2 ] + R[z]^ G GS(M*, E*) be a global solution satisfying 

(M{u),E{u)) = ||^||st(o,oo) = 00 . (8.16) 

Then for any sequence 0 < fn ^ 00 , the above argument applies to Un ■= u(t + tn) 
on In := {—tn,oo) —>■ M, both with := (— f„,0] and with 1'^ := [0, 00 ), because 
||C^n||3t(-t„,0) = ll^l|st(0,t„) OO and ||^n||st(0,oo) = ||C||st(t„,oo) = OO. 

If becomes the minimal element in either case, then Mn(0) = u{tn) is strongly 
convergent. Otherwise, we get fl8.15p for some / = /q > 0 in 1)^ = {—tn, 0] and for 
another / = /i > 0 in = [0, 00 ), while is scattering to 5^^ as f —)■ ± 00 . Then 
E(m^) can be negative only by the soliton component, hence E(m^) > —po- Putting 
them into fl7.12p yields 


E, > E{ul,) + eO(A'°(0)) + H°(A'n0)) + o(l) > 2E, - O/io + o(l), (8.17) 
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SO < /io, contradicting the small data scattering if /tq is small enough. Hence 
u{tn) converges strongly in H], after extracting a subsequence. In other words, 

{u{t) I t > 0} C (8.18) 

is precompact for such a minimal solution u. 

By Lemma [3Hl we have a lower bound K. 2 {u{t)) > := k(M*, — E^) > 0. 

The precompactness implies that there is i? ^ 1 such that 

sup / [iVup + lup + \u\'^]dx -C K*. (8.19) 

t>0 J\x\>R 

Then the saturated virial identity as in Section |3] implies 

dt{RfRu\iUr) > K* > 0, (8.20) 

for all f > 0, which obviously contradicts the boundedness of {RfRu\iUr) in f > 0. 
This concludes the scattering to the ground states in (ii) of Lemma 13.11 and so 
the proof of Theorem 11.11 


Appendix A. Decay of the potential 

Here we prove that V, x ■ VV, {x ■ V)^H G for the radial function V(x) = 

H(|a:|) implies |H(r)| + |rI4.(r)| —)■ 0 as r —)■ oo. 

Decompose V = V 2 + I4o such that 

IIIIL2+L°° ~ 11^211^2 + 11140111 :.°°, ||14o||L°°(|a;|>i?) = 0. (A.l) 

For any e: > 0, there is i? > 0 such that ||I4o||Loo(|a;|>A) < Let x : M —)■ M be a 
smooth function satisfying x(f) = t for |f| > 3, |x(^)| 4 |^| and 0 < x'it) 4 10 for 
all t, and x(^) = 0 for |f| < 2. Put 

V^,y.= ex{V/e), (A.2) 

Then Vyi'f) 7^ 0 implies |H(r)| > 2e and so |V(e)(r)| < |H(r)| ~ |V 2 (r)| for r > R. 
Hence for r > R, 

roo 2 j 

\Vy{r)\^<2 / |V(,)(r)|-|ra.V(,)(r)|^ 

Jr ^ 

^ ||L(£)||L2(|a:|>R)||kr^||L2nL°°(|a;|>A)||L9,.V(e)||(i,2+ioo)(|,j,|>^) 

^ l|L2||L2(|a:|>A)-R lk^rlL||L2+£,oo —)■ 0 

as i? —)■ oo. Since |H| < |V(e)| + 3e:, we deduce that V{x) —)■ 0 as |x| —?• oo. The 
same argument implies that rd^V (a:) —?• 0. 
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Appendix B. Table of Notation 


Besides the following list, see fl5.2p - fl5.4p for notation of sequences without index. 


symbols 

description 

defined in 

5 

sign of nonlinearity 

(HZP 

H, V 

Schrodinger operator and the potential 

(11.7p. Section ffTSl 

eo, (po 

unique eigenvalue and ground state of H 

m 

P 

L^-exponent where the wave operator is bounded 

Section 11.51 (iv) 

Q 

ground state without V 

m 

E, M, ]K2 

energy, mass and virial 

(imi), (iLMi) 

[•J, G, H, I 

some functionals 

(12.11), (ITTl) 

]E°, EI°, 

functionals without V 

Oi 

4- 

all solitons, j-ih. bound states and their energy 

(11.131). (11.161). (11.151) 

(cl>,0) 

coordinates of ground states 

Lemma 12.21 

f^b 

size of the above coordinates 

Lemmal2.2l ()2.14p 

IJ-d, Zd 

size of parameterized ground states 

(12.211) 

t^p-l Dp 

size of ground state projection 

Lemma 14.11 

l^e 

small mass to characterize Si 

Proposition 12.51 

Ll, = R|), 

Lebesgue, Sobolev and Besov spaces on 

Section 11.41 (|1.10p 

Hi 

radial Sobolev and its subset with small mass 

(SH) 

LlX{I) 

B-space valued space on interval 

Section 11.41 

(•lO, M-) 

inner products on 

(fL32l) 

ot of 

^pi 

L^-preserving scaling and its generator 

UM-UM 

tl 

lower bound on 1^2 

Proposition 12.51 

RcN, R[z] 

normal subspace of and its coordinate 

mh, (1451) 

B[zlN{z,i) 

terms in the equation around 

(14.111). (I4.12D. (14.131) 

■{s} 

functions defined around s 

(I4.14P 

u[z, s] 

solution of the linearized equation 

(14.161) 

Vf[z,s\ 

Duhamel form of the linearized equation 

(14.19n 

u[z,s\> 

solution with nonlinearity turnoff 

(14.231) 

Stz", Stz*", St 

Strichartz norms 

()4.26p 

[2;To,ri;T2] 

semi-norm to measure deviation from u\z, Tq] 

()4.27p 

J 

totality of intervals 

([53]) 

SBC 

uniformly small, bounded and continuous functions 

dEip-dSZ]) 

He 

linearized solution with limit initial data 

(15401) 

fractional power of HPc 

(15.241) 

J*, D 

the number and centers of profiles 

Lemma 15.31 

Ah Ah T-" 

linear profiles and their sum, and remainder 

Lemma 1531 (17.6p 

<•••> 

difference 

(163TD 

Ah 

nonlinear profiles and remainder 

(17.131), (|7.16p 

J 

times around profiles for decomposition 

(17.281) 

Or 

vanishing terms as n — )• oo and r — )• oo 

(17.2911 

GS(/r,A) 

global solutions below some mass and energy 

m 

A 

mass-energy region with uniform Strichartz bound 

(lO) 

(•c) <,< 

product orders 

dMP 
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